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Abstract

In this paper we propose a new partial closure-based
constrained clustering algorithm. We introduce clo-
sures into the partial constrained clustering and we pro-
pose a new measurement to order the importance of the
constrained closures. Experiments on public datasets
demonstrate the advantages of our algorithm over the
standard Kmeans and two state-of-the-art constrained
clustering algorithms.

1. Introduction

Recently, semi-supervised clustering methods [1,
5, 6] have become very popular because they can
also take advantage of additional supervisory infor-
mation in the form of pairwise constraints, i.e., pairs
of instances labeled as belonging to same or differ-
ent clusters. These two kinds of constraints are usu-
ally termed as : (i) Must-link (ML) and (ii) Cannot-
link (CL) constraints. Constrained-based methods rely
on these constraints to guide the clustering algorithms
towards a more appropriate partitioning. These meth-
ods can be categorized to two classes listed below.
(i)Algorithms that try to satisfy each constraints be-
yond considering distances to cluster centroids, such
as COPKmeans [5];(ii) algorithms that optimize some
cost functions which take into consideration not only
distances but also constraints, such as Pairwise Con-
strained K-means(PCKmeans) [1].

Recent research works believe that ML constraints
are more useful and easier to satisfy for a feasible so-
lution than CL constraints[4]. One popular approach to
take advantage of ML constraints is first to merge the
points within ML constraints to a set of closures such
that points in each particular closure belong to the same
cluster. Moreover, most of the constrained clustering
algorithms are sensitive to the ordering of the points
to be clustered[1][3]. Davison et al. investigate rela-
tive problems and propose to identify and generate easy
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cosntraints sets for COPKmeans [3]. In this paper, we
extend the above ideas to the partial constrained clus-
tering algorithm category(i.e., PCKmeans) to develop
a new algorithm, PCCKmeans( Partial Closure-based
Constrained Kmeans ).

2. Constrained clustering

Given a dataset {z;}¥ ,, the traditional unsuper-
vised partitional clustering algorithms (e.g. Kmeans[2])
aim to find a disjoint k partition {Xp}¥_, ( each
with a centroid uj respectively) of X such that the
total distance between points and their centroids is
minimized. For constrained clustering algorithms(e.g.,
COPKmeans and PCKmeans), they take into consid-
eration not only distances but also constraints in dif-
ferent fashions. PCKmeans is more general and scal-
able than COPKmeans since it is to optimize a weighed
cost function while COPKmeans is a hard-constrained
solution[1]. Therefore, we would like to investigate
PCKmeans rather than COPKmeans in this paper.

PCKmeans initializes the cluster centroids with
the well separated closures at first and then alternates
between the cluster assignment and centroid estimation
steps until converged. Each point is assigned to the
cluster such that it minimizes a cost function. Formally,
given a dataset X, a set of ML constraints M, a set of
CL constraints C, the corresponding incurred penalty
weights w;j(wi;) for violating ML(CL) constraints and
the number k& of clusters, PCKmeans aims to find a
disjoint k partitioning { X}, }¥_, (each with its centroid
Wr) SO as to minimize the following cost function [1]
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with the indicator functiond (true) = 1,0(false) = 0.
In general PCkmeans can perform well given enough
constraints and appropriate weights. However these



weight are not easy to set properly. The author set
w;; and wj; to be similar values for different datasets
respectively (e. g. 0.001 for text-datasets and 1 for
Iris datasets in [1]) but these weights might not always
suitable for other datasets. In fact different constraints
should have different contributions and the difference
is not easy to be identified. Moreover, the cluster as-
signment step of PCKmeans is order-dependent and the
authors consider a random ordering of the points in
the assignment step. Also this random ordering might
be improved by some motivation-driven solutions. In
view of these motivations, we extend PCKmeans to a
closure-based algorithm, PCCKmeans, which also aims
to attach different importance to different kinds of con-
straints and to remove the difficulty to set the appropri-
ate weights.

3. PCCKmeans

There are mainly two stages in the PCCKmeans al-
gorithm. In the first stage, PCCKmeans generate clo-
sures based on ML constraints and initialize the cluster
centroids; In the clustering stage, we adopt the classi-
cal EM schemes, including the assign-cluster step and
the estimate-means step, which is repeated until con-
verged: (i) assign-cluster: assign closures to clusters ac-
cording to some cost function. (ii) estimate-means: cal-
culate the centroids for each cluster with closures as-
signed to them.

3.1 Closure

In the closure stage, points which are directly or tran-
sitively in ML constraints are merged together to form
closures. We also assign the separated points, which can
not be merged, to odd closures. Therefore, the cluster-
ing task is changed to cluster these closures {Cz}fvgl
Note that there are no known ML constraints between
any two closures otherwise those two closures will fur-
ther be merged to larger ones. The original CL con-
straint set C' can be updated to form a new CL constraint
set C¢ for the closure set as follows:

(z,y) € C&ax € c;&y € ¢; = (¢i,¢j) € Co (2)
3.2 Assign-cluster

In this step, PCCKmeans first construct a ranked or-
der for all the closures and then assign closures to clus-
ters in this order to minimize our new cost function.

(i)Order-Ranking. Most of the constrained clustering
algorithms are order-dependent, more specifically, on
the order of the constrained points in the assign-cluster
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Figure 1. A CL graph example.

Table 1. Removal List for the Example

Step A B C D E Removal
0 1.406 | 3.750 | 1.406 | 7.219 | 1.406 A
1 0 2.750 | 1.406 | 7.219 | 1.406 C
2 0 2.750 0 6.219 | 1.406 E
3 0 2.750 0 4219 0 B
4 0 0 0 3.219 0 D

step. A common method to reduce this effect is to gen-
erate a random ordering of the points for each iteration.
Davison et al. investigate relative problems and pro-
pose to identify and generate easy cosntraints sets for
COPKmeans [3]. In their approach, an undirected graph
G(V, E) for CL constraints is constructed where V is
the node set for points(closures) and each edge in F is
a CL constraint linking two nodes in V. They recur-
sively remove the nodes in ascending order of the de-
grees of these nodes to insert, in reverse order, to build
a g-inductive order list ). When a node is removed, the
degrees of the nodes linked to the removed one will de-
crease by 1. For example, one of the g-inductive order
lists for the CL graph in Fig. 1is {E, D, C, B, A}. The
later a node is inserted to @, the toper its order is. The
constraints in this kind of g-inductive order are reported
to have more chances to be a easy set than the same
constraint set in random order[3].

However, this approach can not directly be used to
identify the importance of the nodes. We find the graph
degree measurement cannot always work well. Nodes
with similar degrees could be in different graph struc-
tures. For example, in Fig. 1, after the removal of
the node A, node B and C have a similar degree(i.e.,
dp = dco = 1), while they are quite different in the
original graph. Moreover, the approach does not take
the size of the closures into consideration. Usually a
larger closure should be more important than an odd
closure and larger closures have fewer chances to be
outliers. In view of these cases, we extend the approach
to rank the constrained closures with an extended de-
gree measurement, rather than the original graph degree
measurement for nodes. Formally, we add two weighed
components:
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here d; is the degree for node ¢;, D is the edge number
for the whole CL graph( D = 0.5 % Zfi‘l d; ), N; is the
size of the closure ¢; and N is the point number for the
whole dataset(N = Zf\/:cl N;). For ¢;, two weights w;
and wy are used to measure the impact of the closure
size and the initial degree respectively and both are set
to 1 in this paper. Nodes with the minimum extended
degree will be removed to a list in reverse order, and the
remained nodes linked to the removed node decrease
their extended degree by 1. This removal repeats un-
til the CL graph is empty. The (reverse) removal list
of the CL graph in Fig. 1is {D, B, E,C, A}, shown
in Table 1: in step O, extended degrees for each node
are calculated with (3) and in the other steps the re-
moved nodes will have zero extended degrees while the
remained nodes will update their extended degrees cor-
responding to the removed nodes, i.e., decrease by 1 if
one nodes linked to it is removed. It is obvious that our
(reverse) removal list { D, B, E, C, A} is better than the
former one {E, D, C, B, A}, since D and B are more
constrained than A, C, E in the CL graph.

A threshold is adopted to divide the closures to two

parts. Closures will be selected into a top-priority set to
assigned labels in high priority if their initial extended
degrees are beyond the threshold. The other constrained
closures in the low-priority set are ordered randomly be-
hind the top-priority set.
(ii)Assign-Cluster. It is not reasonable that different
constraints have the same importance. However, to
identify all the importance weigh for each constraint
is unpractical and intractable. In general, to consider
the nodes (closures) in the CL graph is more effective
than the edges(CL constraints). It is easier to tell dif-
ferent constrained conditions for different nodes in the
first case. Another interesting motivation is to consider
the cluster number for the violated closures. For exam-
ple, if ¢; is assigned to X; and this assignment violates
some CL constraints between c¢; with ¢y, co, c3, then it is
meaningful to take in consideration how many clusters
totally that ¢y, c2, c3 belong to. The more the violated
cluster number is, the worse the assignment would be.
With the above motivations, PCCKmeans adopt a new
cost function. Formally, for a closure set {c;}°, with
the closure size {N;}~°, and a CL constraint set C.,
PCCKmeans aims to find a k disjoint partition {X;}*_,
(with their centroids {y;}¥_, ) so as to minimize the
following cost function .
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where v;j, is the total number of the violated clusters
that ¢; is assigned to X}, m,, is the mean(centroid) of
closure ¢; and [; is current cluster label for ¢;. Com-
paring to the cost function 1 for PCKmeans, this cost
function replaces the uncertain weights w;;(w;;) with
the closure sizes (e.g. IV;) and the violated cluster num-
bers(e.g. v;;), which can be automatically calculated
during loop iterations.

3.3 Estimate-Means

After the closures {c;}, are assigned to the
clusters{ X}, }¥_,, they are used to calculate the cen-
troids {/u, }¥_, with their sizes { N;}1*, as weights:

ZCiGXh (Nl * Ci)
Hn = - . N
ZcieX;L g

3.4 Summary

®)

The whole algorithm is summarized in Fig. 2. In
the final step, the cluster label L. for each closure is
assigned to the points in it such that the cluster label L
for all the original points is acquired.

Algorithm 1: PCCKmeans
INPUT: dataset X, cluster number k£, ML/CL constraint set
M /C, maximum iteration m;
OUTPUT: clustered result L of X
METHOD:
generate a closure set G using ML constraints M ;
generate CL constraint set C,. for G from C;
initialize clusters centroids {p; }¥_ ;
cluster G with the EM scheme:
Repeat
reorder closures in GG according to (3);
assign cluster label L. to the closure set G according to (4);
update clusters {; }¥_; according to (5);
Until L. converges or maximum iteration m reaches
0. assign cluster label L to X according to L.
1. return L.

2= S0 X NN kW

Figure 2. The PCCKmeans algorithm

4 Experiments

We implement experiments on six public UCI!
datasets (IRIS, Wine, Glass, Protein, Balance-Scale and
pima) with the min-max normalization in each dimen-
sion. For example, denote by min s/max 4 the mini-
mum/maximum value for dimension A respectively, the
normalized value for v is

V— ming
V= — (6)
maxs — ming

Uhttp://archive.ics.uci.edu/ml/
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Figure 3. Clustering results.

For each dataset, Point pairs are selected randomly to
to form the constraint set. Rand index is adopted to
evaluate agreements between clustering results and the
correct labels. For an dataset X with N points, let [;
be the clustered label assigned to point x;, t; be the
true label of z; and J() be the indicator function. Rand
index is defined as [5]

N—-1 Ns 5((5(li=lj):5(ti:tj))
R= Z; 2 0.5N(N — 1) "
i=1 j=i+1

We compare PCCKmeans (PCCKM) with the clas-
sical unconstrained Kmeans (KM) and two constrained
clustering method, COPKmeans (CKM) and PCK-
means (PKM). The maximum iteration number for all
the algorithms is set to 800. For PCKmeans (PKM), the
violated weights w;; and wj; are set to 1 as [1]. For
fair comparisons, all the algorithms are initialized with
the same cluster centroids. Rand Index results averaged
over 20 independent runs are shown in Fig. 3. We can
observe that PCCKmeans outperforms the other algo-
rithms significantly. With the number of constraints in-
creasing, Rand Index results for all the three algorithms
increase correspondingly and PCKmeans is the best of
all. Another interesting observation is that PCKmeans
does not always benefit from constraints. For exam-
ple, for datasets Iris, Wine and Protein, PCKmeans with
small numbers of constraints(e.g, 150 constraints) even
has a worse Rand result than Kmeans. However, PCCK-
means and COPKmeans are always better than Kmeans.

5 Conclusions

In this paper we propose a new partial closure-based
constrained clustering algorithm PCCKmeans, based on

PCkmeans. We introduce closures into the partial con-
strained clustering and we propose a new measurement
to order the importance of the constrained closures. We
advance a novel cost function to remove the uncertain
weigh dependence in PCKmeans. Experiments on sev-
eral public datasets demonstrate the advantages of our
algorithm over the standard Kmeans and two state-of-
the-art constrained clustering algorithms.
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