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Abstract

This paper suggests using discrete feature displacements
and optical flow simultaneously to determine the camera
motion and its velocity. This is advantageous when the num-
ber of feature correspondences is low or when the feature
correspondences are noisy. The reason is that usually the
available optical flow data largely outnumbers the avail-
able feature correspondences data. It is also advantageous
from the perspective of the instantaneous motion estimation
because it gives better estimates for the camera velocity
than those obtained from optical flow by itself. We pro-
pose a probabilistic framework capitalizing on the this idea.
Monte-Carlo filtering is employed due to the non-linearities
involved in the problem and to the non-Gaussianity of the
measurements’ probability distributions.

1 Introduction

Two main lines of work have marked the research in
Structure from Motion (SFM): (1) a discrete-time SFM us-
ing feature correspondences when the baseline (displace-
ment of the camera centers) is large; and (2) an instanta-
neous (or differential) SFM which is the limit of the discrete
one when the baseline is infinitesimally small.

Two major differences between feature correspondences
and optical flow are: (1) feature correspondences have a
higher signal to noise ratio; and (2) the number of reliable
feature correspondences is less than the number of optical
flow values. The consequences are that using feature corre-
spondences leads to more accurate estimates, and that’s why
they are used in most SFM approaches which have real-life
applications potential [13, 8, 12]. But, although many meth-
ods have been developed to reach the motion yielding min-
imum reprojection error [5] (i.e., the motion best fitting the
data), due to noise and to limited number of features, this
latter motion is not guaranteed to be close to the true mo-
tion. From another perspective, the instantaneous motion

has many desirable properties such as providing the cam-
era velocity (useful in many applications) and offering the
possibility of obtaining a dense depth. Therefore, by com-
bining optical flow and feature-correspondences in a simul-
taneous estimation of discrete and instantaneous motion, a
two-fold benefit can be reaped: (1) the large number of op-
tical flow data can help in further constraining the discrete
motion thus providing a remedy to cases where an erro-
neous motion fits the discrete data better than the true one;
and (2) More accurate instantaneous motion estimates can
be obtained.

To validate the advantages of such approach we present a
probabilistic formulation to efficiently estimate the motion
from both optical flow and feature correspondences. Monte-
Carlo sampling is employed because of the non-linearities
involved and because of the similarities it bears to the prin-
ciple of hypothesize-and-test [4, 14, 15, 12] widely used in
motion estimation. We show that the results are better than
those obtained using each approach by itself.

2 Preliminaries and Setup

In a perspective projection model, the projection of a 3-
D point

−→
X = (X, Y, Z)T on the image plane of a camera

located in the origin and facing the Z axis is:

−→x =
[

x
y

]
=
[

f X
Z

f Y
Z

]
. (1)

f is the focal “length”. A calibrated Euclidean framework
is assumed and without loss of generality f is taken as 1.

If the camera undergoes between two time instants t1 and
t2 a rotation R and a translation

−→
T , the location of the 3D

point
−→
X 1 with respect to the camera will be

−→
X 2 defined as:

−→
X 2 = −R

−→
X1 −−→

T (2)

which leads to the following relation:

−→x 2Es
−→x 1 = 0; (3)
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Es = [
−→
T ]×R, where [

−→
T ]× is the skew symmetric matrix

of
−→
T , is called the essential matrix.
If the camera moves with a translational velocity

−→
V =

(Vx, Vy, Vz)T and a rotational velocity −→ω = (ωx, ωy, ωz)T ,

the motion of
−→
X with respect to the camera will be:

(
dX

dt
,
dY

dt
,
dZ

dt
)t = −(−→w ×−→

X +
−→
V ). (4)

Substituting the time derivatives of Eq 1 in Eq 4:

−→̇
x (−→x ) = −A(−→x )

−→
V

Z
− B(−→x )−→ω , (5)

where A(−→x ) =
[

1 0 −x
0 1 −y

]
and B(−→x ) =[ −xy 1 + x2 −y

−1 − y2 xy x

]
. −̇→x is the image velocity (i.e.,

optical flow) at the pixel −→x .
The discrete and instantaneous motions have always

been estimated separately. However, the discrete motion
(R,

−→
T ), the instantaneous motion (−→w ,

−→
V ), the optical flow

and the feature correspondences are all inter-dependant be-
cause they all depend on the 3D locations of the features.
Triggs [16] and Heyden [7] provided algebraic constraints
that relate all these quantities. However, they did not fully
exploit these constraints to determine both motions from
both data simultaneously. They used them only to predict a
discrete motion from a previous one using differential data.

Assume we have n pairs of corresponding features −→x 1,
−→x 2 and the image velocities

−→̇
x 2 of these features at t2 .

Assume also that we have the image velocities of k extra
points at t2 with k >> n. We use the term Dd to refer to
the discrete data (feature correspondences) and Df to refer
to the instantaneous data. We seek to determine the proba-
bility distribution p(M |Dd, Df) of the discrete and instan-

taneous motions M =
(
R,

−→
T , −→ω ,

−→
V
)

given both discrete

and differential measurements. This allows us to determine
the Maximum A Posteriori (MAP) or the Minimum Mean
Square Error (MMSE) estimates of the motion. To achieve
this we proceed as follows: (1) We determine the probabil-
ity distribution p(M |Dd) of the motion given the discrete
data. Then (2) we determine the likelihood p(Df |M) of the
motion given the instantaneous data. (3) We combine the
two probabilities using Bayes rule. The obtained distribu-
tion can be considered also as the automatic initialization of
a recursive filter where the subsequent steps use the same
type of bayesian inference.

3 Motion Distribution Given the Feature
Correspondences

If the noise in the feature correspondences is Gaussian,
the covariance propagation techniques [18] can be used to

obtain the Gaussian distribution of the motion. When that
noise is not Gaussian, one solution is to determine a sample-
based representation of the motion distribution. For exam-
ple, Chang [2] determines a sampled representation of the
distribution of features correspondences and then obtains
a motion sample from each features correspondences sam-
ple. We take a different approach which exhibits some re-
semblance to the hypothesize-and-test framework. We start
by generating a set of samples M (j) with corresponding
weights W

(j)
d . A sample is generated as follows:

1. Randomly draw five feature pairs from the available
feature correspondences set and determine the corre-
sponding essential matrix using Nister’s five points al-
gorithm [11]. Up to ten matrices might be generated.

2. For each of the generated matrices, compute the corre-
sponding R and T using SV D decomposition [6].

To determine the weight of the samples:

1. For each motion sample M (j), compute its reprojec-
tion error e

(j)2
d using the approximation of Torr [14].

2. Take the weight of M (j) as W
(j)
d = exp

(
−e

(j)2
d

2σ2
d

)
.

σd controls the shape of the distribution. A small
σd makes the probability function concentrated around
the minima; a large σd allows it to be more spread out.

3. Samples with weights below a threshold are discarded.

Fair samples are obtained by drawing (with replacement)
from the weighted samples according to their weights.

4 Motion likelihood given the optical flow

To determine the likelihood p(Df |M (j)) of the motion
sample M (j) given the optical flow, the first step is to get
the instantaneous motion (−→ω (j),

−→
V (j)) from the discrete

motion (R(j),
−→
T (j)). Heyden [7] derived the following con-

straint on both the instantaneous and discrete motion.

rank

[ −̃→x −→x 2 0
−→
T

−̂→ω T
x̃ −̇→x 2

−→x 2
−→
V

]
< 4. (6)

The above matrix is 6 × 4 where −̃→x = (x̃, ỹ, z̃)T =
R.(x1, y1, 1)T and −̂→ω is the skew symmetric matrix cor-
responding to −→ω . Being of rank (< 4) means that all the
minors of order four are equal to zero. The useful minors
(nine) are the ones containing two rows of the first three and
two of the last three because these minors give equations
relating R,

−→
T , −→ω and

−→
V . Only two independent equations



can be obtained. We use the following two minors:

det

⎡
⎢⎢⎣

x̃ x2 0 Tx

ỹ y2 0 Ty

ωyz̃ − ωz ỹ ẋ2 x2 Vx

ωzx̃ − ωxz̃ ẏ2 y2 Vy

⎤
⎥⎥⎦ = 0 (7a)

and

det

⎡
⎢⎢⎣

ỹ y2 0 Ty

z̃ 1 0 Tz

ωyz̃ − ωz ỹ ẋ2 x2 Vx

ωxỹ − ωwx̃ 0 1 Vz

⎤
⎥⎥⎦ = 0 (7b)

Expanding the above two determinants gives two linear
equations in −→ω and

−→
V for each point. Hence, at least 3

points are needed to determine −→ω and
−→
V . Given the dis-

crete motion sample (R(j),
−→
T (j)) generated as in Section

3, we use the system of linear equations formed by concate-
nating Eq 7 for each of the five features used to generate the
motion sample. Solving this linear system gives the corre-
sponding instantaneous motion sample. The likelihood of
this sample given the optical flow is determined using the
unweighted re-projected error function of Chiuso [3]:

e
(j)2
f =

n+k∑
i=1

[
τ(−→x i,

−−→
V (j), 1)T (−̇→x i − B(−→x i)−→w (j))

]2
,

(8)
where τ(−→x ,

−→
V , 1) is a unit vector perpendicular to the

translational component of the optical flow. The likelihood
is taken as:

p(Df |M (j)) = exp

(
−e

(j)2
f

2σ2
f

)
(9)

σf controls the shape of the distribution.

5 Probabilistic Integration

Resorting to Bayes rule,the distribution p(M |Dd, Df )
can be written as:

p(M |Dd, Df ) =
p(M |Dd) × p(Df |M)∫
p(M |Dd) × p(Df |M)dM

. (10)

To make use of this relation we rely on the Importance
Sampling principle. Taking p(M |Dd) as proposal distri-
bution -(the samples that we already have are generated
from this distribution)- then a sampled representation of
p(M |Dd, Df) can be obtained by weighting the samples in
the following way:

W (M (j)) =
p(M (j)|Dd, Df))

p(M (j)|Dd)

∝ p(Df |M (j))∑
n p(M (n)|Dd) × p(Df |M (n))

.

(11)

The MAP estimate is defined as:

M̂MAP = argmax
M

(p(M |Dd, Df )), (12)

so M̂MAP is the estimate with the highest weight. The
MMSE estimate is defined as

M̂MMSE = E(M |Dd, Df). (13)

Determining the expectation E(M |Dd, Df ) is not trivial
because it requires an averaging over motion samples. A
suitable parameterization of the motion is required. We
adopt a parameterization based on five points, similar to
the one used for optimization purposes in [15], and we
extend it to represent the instantaneous motion also. The
motion is encoded by the corresponding essential matrix
Es = [

−→
T ]×R which is then represented by five points

(x1, y1) and (x2, y2). Fixing the x1, y1 and x2 coordi-
nates of these five correspondences, the space of Es is pa-
rameterized by the five y2 coordinates. Similarly, taking the
image velocities (ẋ2, ẏ2) of three of these points and fix-
ing the ẋ2, the space of −→ω and

−→
V is parameterized by the

three ẏ2. Now to obtain E(M |Dd, Df ), we determine ŷ2 as
the expectation of the y2 of all the samples. The expected
values of R and

−→
T can then be taken as the ones fitting the

5 points (x1, y1) and (x2, ŷ2). Similarly ˆ̇y2 is determined
as the expectation of the ẏ2 of all the samples. Then using
x1, y1, x2, ŷ2, ẋ2, ˆ̇y2 and the expected values of R and

−→
T

in Eqs 7, the expected value of the instantaneous motion is
determined.

The obtained samples can be used also as an automatic
initialization of a recursive filter which works as follows;
the samples can be used to predict a new set of samples:

−→
T j

t+δt =
−→
T j

t +
−→
V j

t

Rj
t+δt = Rj

texp(−̂→ω t)
(14)

The predicted samples can be updated using the new optical
field at t + δt as in Eq.11. A resampling step could be used
to avoid sample impoverishment.

6 Experimental Results

A camera (focal length = 492.467 pixels,
center=(329.944, 243.616)) fixed on a controllable
pan-tilt unit is used. The motion is a combination of
rotation and translation. While the translation direction is
unknown, the rotation is determined from the pan-tilt unit.
Lucas-Kanade [10] detector is used for feature detection
and SIFT descriptors [9] are employed for feature match-
ing. The optical flow is computed following a pyramidal
implementation of Lucas-Kanade as in [1]. Figure 1



Figure 1. Features between two frames.
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Figure 2. Discrete rotation error.

shows an instance of this sequence with the corresponding
matches. We compare rotations using the distance between
corresponding unit quaternions and rotational velocities
using the distance between rotational velocity vectors −→ω .
In Figure 2 the errors of the following discrete estimates
are shown: (1) MMSE estimates as described in Section
5; (2) estimates minimizing the reprojected features
correspondences error; and (3) estimates minimizing the
reprojected optical flow error. The error in the MMSE
estimates is always low while the other estimates have
very high errors in some cases. In Figure 3 the errors of
the following estimates are shown: (1) MMSE estimates;
(2) instantaneous estimates determined from the discrete
estimates as in Section 4; and (3) estimates obtained from
optical flow using Zhang and Tomasi’s optimal approach
[17]. The MMSE estimates are much more accurate.
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Figure 3. Instantaneous rotation error.
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