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Abstract 
 

Trifocal tensor encapsulates the geometric 
constraints between three views. It plays an important 
role in computer vision. However elements in 
measurement matrix of existing linear trifocal tensor 
estimation algorithms are products of several 
measurement data, which can amplify measurement 
error. The factorization algorithm of trifocal tensor 
estimation is presented, which can overcome this 
shortcoming. To overcome the deficiency that the 
extended solution space of factorization algorithm may 
result in an unstable solution, some modifications are 
adopted. Synthetic and real image data experiments 
show that the proposed algorithm is accurate and 
robust. This provides a new way different from 
normalized linear algorithm to improve performance 
of linear algorithm. 
 
1. Introduction 
 

Trifocal tensor encapsulates the geometric 
constraints between three views [1, 2, 3]. It plays an 
important role in computer vision. Owing to its wide 
applicability [4, 5, 6], the estimation of trifocal tensor 
has received considerable attention. Generally 
speaking, there exist two kinds of methods: the linear 
and the nonlinear iterative. The former have simple 
execution [6, 7]. The latter usually yield better results, 
but they are numerically more challenging [8, 9].  

There are mainly two linear algorithms: the DLT 
(Direct Linear Transform) algorithm and normalized 
DLT algorithm. With a minor measurement error the 
DLT algorithm’s result may significantly diverge from 
the correct one. Such a deficiency is mainly from two 
sources: (1) the poor condition of the DLT’s linear 
equations [10]. (2) Measurement errors amplification. 
Since some elements in the DLT’s measurement 

matrix are products of several measurement data, error 
amplification inevitably occurs. 

Hartley proposed the normalized DLT algorithm 
[10] to overcome the first shortcoming by improving 
the condition number of DLT’s linear equations. We 
proposed a factorization algorithm to overcome the 
second deficiency [11], and successfully applied it to 
fundamental matrix estimation. 

The factorization algorithm factorizes measurement 
matrix into several factor matrices whose each element 
is either a measurement datum or a constant. Then 
construct new measurement matrix with introduced 
auxiliary variables. Finally solve corresponding linear 
least squares problem to gain the estimation. The 
factorization algorithm is linear. Most importantly, it 
does not involve amplification of measurement error, 
thus can effectively boost the robustness of the 
estimation. This shows a new way different from 
normalized DLT algorithm [6] to improve performance 
of linear trifocal tensor estimation algorithm. 

This paper presents a factorization algorithm for 
trifocal tensor estimation. Experiments with synthetic 
and real image data show that it can consistently 
outperform the DLT algorithm, and is comparable with 
the normalized DLT algorithm. This shows the validity 
of the factorization algorithm.  

This paper is organized as follows. In Section 2 the 
factorization algorithm for trifocal tensor estimation 
are given in detail. Experiments with synthetic data 
and real images are reported in Section 3. Some 
conclusions are in Section 4. 
 
2. Trifocal tensor estimation 
 
2.1. DLT algorithm 
 

Corresponding image points in three images satisfy 
trilinear relations, which are encapsulated in the 
trifocal tensor. The trifocal tensor, qr

iT , is a 333 ××  
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homogenous tensor. If three 3 4×  camera matrices 
are [ | ]=P I 0 , [ ]i

qa′ =P  and [ ]i
qb′′ =P , the trifocal tensor 

can be expressed as: 4 4
qr q r q r
i i ia b a b= −T . 

Let 
1 1 1

x x x
y y y

′ ′′⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥′ ′ ′′ ′′= ↔ = ↔ =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

X X X  be a point 

correspondence across three views. Then, independent 
trilinear equations between three views can be 
expressed as the following vector-matrix form [6]: 

4 27 27 1 4 1A 0× × ×=t ,                                (1) 

where:
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4 27
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x y
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x y

×

⎡ ⎤
⎢ ⎥
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C C C
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A
C C C
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,                                

1 [ 1 0 0 0 0 0 ]x x x x′′ ′ ′ ′′= − −C , 
2 [0 1 0 0 0 0 ]y x x y′′ ′ ′ ′′= − −C , 
3 [0 0 0 1 0 0 ]x y y x′′ ′ ′ ′′= − −C , 
4 [0 0 0 0 1 0 ]y y y y′′ ′ ′ ′′= − −C , 

11 12 13 21 22 23 31 32 33 33
27 1 1 1 1 1 1 1 1 1 1 3[ , , , , , , , , ,..., ]T

× =t T T T T T T T T T T . 
Hence, given n point correspondences across three 

views, we can obtain 4n linear equations with respect 
to the trifocal tensor: 

4 27 27 1 4 1n n× × ×=A t 0                         (2) 
The DLT algorithm is to find the least squares 

solution of the linear equations (2) with the 
constraint || || 1=t .  
 
2.2. Factorization algorithm 
 

With factorization algorithm, the DLT’s 
measurement matrix should be decomposed as product 
of factor matrices whose each element is a 
measurement datum or a constant [11]. Firstly let’s 
recall some results of tensor algebra. 

The tensor product of matrices n m×∈A R  and 
p q×∈B R  is defined as [ ]ij np mqa ×⊗ =A B B .  

  If 1 1, , 1,2,...,p q
j j m× ×∈ ∈ =A R B R , then  
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Where kΙ  is the unit matrix of order k. 

Let 
1 0 1 0
0 , 1 , 0 , 1
x y x y

−⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥′ ′ ′′ ′′= = = = −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥

′ ′ ′′ ′′⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

U V U V . 

Evidently, ′U  and ′V  are the vertical line and the 
horizontal line passing through ′X  in the second view, 
respectively; ′′U  and ′′V  are those passing through ′′X  
in the third view, respectively. 

It is not difficult to see that  
1

T T′ ′′= ⊗C U U , 2
T T′ ′′= ⊗C U V ,  

3
T T′ ′′= ⊗C V U , 4

T T′ ′′= ⊗C V V . 
Thus, by the equation (3), the equation (1) can be 

written as 
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By the equation (4), we have 
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Thus we have 
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Hence, given n point correspondences across three 
views, the DLT’s measurement matrix 4 27n×A  can be 
decomposed as: 

4n 27M × = 4 12 12 18 18 27n n n n n× × ×P Q L ,                  (6) 
where 4 12 4 1 4( ,..., )T T

n n ndiag× = ⊗ ⊗P I X I X , 
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Each element of 4 12n n×P , 12 18n n×Q  and 18 27n×L is a 
measurement datum or a constant, and 4 12n n×P ( 12 18n n×Q ,  

18 27n×L ) is only depend on the measurement data in the 
first view (second view, third view). 

We introduce auxiliary variables 18 27n×=h L t  and 
12 18n n×=l Q h , and construct a new measurement matrix:  

18 27 18 18

34 (30 27) 12 18 12 12

4 12

n n n

n n n n n n

n n

× ×

× + × ×

×

−⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥⎣ ⎦

L I
M Q I

P
. (7) 



The factorization algorithm is to find the least 
squares solution of the following linear equation with 
the constraint || || 1=t : 

34 (30 27) 0n n× + =M t ,        (8) 

where [ ]T T T T=t t h l . Hence, by singular value 

decomposing of 34 (30 27)n n× +M , the trifocal tensor qr
iT  

can be obtained up to a scale. 
 
2.3 Some modifications 
 

The coefficient matrix (7) of equations (8) obtained 
by factorization algorithm is a 34 (30 27)n n× +  sparse 
high-dimension matrix. Solving equations (8) with 
SVD (Singular Value Decomposition) requires 
employing huge vector space, which needs huge 
computation and may result in unstable result. So some 
modifications are adopted. 

Equations (8) can be expressed as: 
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Because 12 18 18 27( ) 27n n nrank × × =Q L , 12 18 18 27n n n× ×Q L can be 
decomposed as with SVD: 
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Then, 
1

27 27 27 27( ) 1−
× ×=t D V v ,                            (11) 

where 1v is the singular value of 4 12 27 12
T

n n n× ×P U . So we 
can obtain t  by SVD of 12 18 18 27n n n× ×Q L  and 4 12 27 12

T
n n n× ×P U , 

whose dimension is much less than 34 (30 27)n n× + . 
The computation is dramatically reduced. 

The factorization algorithm of trifocal tensor has the 
following three main steps: 

1) The measurement matrix 4 27n×M  of DLT algorithm 
is decomposed as: 4 27n× =M 4 12 12 18 18 27n n n n n× × ×P Q L . Here 
each element of matrix 4 12n n×P , 12 18n n×Q  and 18 27n×L  is a 
measurement datum or a constant, and is only depend 
on the measurement data of one view.  
2) Decompose 12 18 18 27n n n× ×Q L  and 4 12 27 12

T
n n n× ×P U  with 

SVD, construct new equations (10). 
3) The estimated trifocal tensor can be obtained by 
equation (11) with SVD. 
 
3. Experimental Evaluation 
 

In this section, the factorization algorithm (FA) is 
compared with the DLT algorithm (DLT) and 
normalized DLT algorithm (NDLT). Here the FA 
works without normalization. Two measures are used 
to evaluate the performance of three algorithms: (1) the 
mean of distances from measured image points to 
epipolar lines corresponding to the estimated trifocal 
tensor (MD_1). (2) the mean of distances between 
measured image points and the reprojections computed 
with the estimated trifocal tensor (MD_2). 
 
3.1. Simulation  
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Fig.1 Experiment results with synthetic data 
 

Synthetic data of reported simulation are generated 
as follows. Three cameras have the same intrinsic 
parameters: u v 0 0(f , f ,s, u , v ) (1000,1000,0,512,512)= , 
and image size is of 1024 1024× . The world coordinate 
system coincides with that of the first camera. Space 
points are randomly generated in the cube of 
[ 40, 40] [ 40,40] [100,180]− × − × . The other two 
cameras’ translation vectors and rotation matrices are 
generated randomly, which insure that the image of 
space points in the two image planes are within the 
square of [0,1024] [0,1024]× . Gaussian noises with 0 
mean and σ  standard deviation are added to image 
points. Estimate the trifocal tensor from these point 



correspondences with three methods. On each noise 
level, 100 independent trials are performed and errors 
with the estimated trifocal tensor are computed. MD_1 
of each view are shown in Fig.1 (a), (b) and (c). MD_2 
of each view are shown as Fig. 1 (d), (e) and (f). We 
can see that the FA and the NDLT perform 
comparably.  And the FA can consistently outperform 
the DLT.  
 
3.2. Real image data experiment 
 

The reported real image experiment is performed on 
the first three frames of the Corridor sequence from 
VGG, Oxford University [12]. There are 298 matches 
among three frames. Randomly choose a certain 
number of points from these matches to estimate the 
trifocal tensor with three algorithms. The number of 
randomly chosen points is 10, 12, 14, 16, 18 and 20 in 
turn. On each point number level, 100 independent 
trials are performed, and two measures mentioned 
above are computed over each turn. MD_1 curves of 
three algorithms for each frame are shown in Fig. 2(a), 
(b) and (c). And MD_2 curves are shown in Fig. 2(d), 
(e) and (f). We can see that the FA and the NDLT is 
comparable, and the former even outperforms the latter. 
The FA can consistently outperform the DLT. 
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Fig.2 Experiment results with real image data 
 
4. Conclusions 
 

This paper presents a factorization algorithm to 
estimate trifocal tensor. To overcome the deficiency 
that the extended solution space of the original 
factorization algorithm may result in an unstable 
solution, some modifications are adopted. The 
proposed method reduces amplification of 
measurement error, and can boost effectively the 
robustness of the estimation. The results of synthetic 
data and real image data experiments show that the 
factorization algorithm can consistently outperform the 

DLT algorithm. And the performance of the 
factorization algorithm is comparable with that of the 
normalized DLT algorithm. Although not statistically 
optimal in the MLE sense, the proposed factorization 
algorithm provides results of satisfactory accuracy and 
is a completely linear algorithm, which can provide a 
start point of an iterative method. And more 
importantly, this method provides a new way to 
improve performance of linear algorithm different 
from the normalized DLT algorithm.  
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