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Abstract

Typical unsupervised feature selection algorithms
select a common feature subset for all the clusters. Con-
sequently, clusters embedded in different feature sub-
spaces are not discovered. In this paper, we propose
a novel approach of simultaneous localized feature se-
lection and model detection for unsupervised learning.
In our approach, local feature saliency, together with
other parameters of Gaussian mixtures, are estimated
by Bayesian variational learning. Experiments per-
formed on real-world datasets illustrate that our ap-
proach is superior over both global feature selection
and subspace clustering methods.

1. Introduction

Clustering is the unsupervised classification of data
objects into different groups (clusters) such that objects
in one group are similar together and dissimilar from
another group. A clustering algorithm typically consid-
ers all the available features to “learn” from data. In
practice, however, some features can be irrelevant and
therefore hinder the clustering performance, especially
in a high-dimensional dataset. A viable solution is fea-
ture selection, a technique that chooses the “best” fea-
ture subset for clustering.

Feature selection has been extensively studied in su-
pervised learning scenarios [6]. In unsupervised learn-
ing, feature selection becomes a more complex prob-
lem due to the unavailability of class labels. Algo-
rithms in the literature are commonly categorized into
two groups: filters and wrappers. A filter selects the
relevant feature subset without the interaction with the
mining algorithm, while a wrapper selects the relevant
feature subset based on the performance of a particular
mining algorithm. In the filter approach proposed in [3],
an entropy measure is introduced, which is low if data
has distinct clusters and high otherwise, and relevant
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Figure 1. A three-cluster dataset with cluster C; em-
bedded in feature set {x1, z2}, cluster C> embedded in
feature subset {z2}, and cluster C's embedded in fea-
ture subset {z1 }.

features are selected accordingly. The wrapper method
presented in [4] evaluates the cluster quality over dif-
ferent feature subsets by normalizing cluster separabil-
ity (for k-means clustering) or likelihood (for Expec-
tation Maximization (EM) clustering) using the cross-
projection method. The candidate feature subsets are
generated by sequential forward search. In [7], feature
saliency is estimated by the Maximum Likelihood (ML)
or Maximum A Priori (MAP) with EM using Gaussian
mixture models. Minimal Message Length (MML) is
employed to estimate the number of components. [2]
employs the same Gaussian mixture model as in [7] to
describe feature relevance, but integrates model and fea-
ture selection under the Bayesian framework.

In general, unsupervised feature selection algorithms
conduct feature selection in a global sense by produc-
ing a common feature subset for all the clusters. This,
however, can be invalid in clustering practice, where the
local intrinsic property of data matters more [8]. In the
illustrative example shown in Figure 1, the relevant fea-
ture subset for cluster C is {x1, x2}, while clusters Co
and C3 can be grouped using {x2} and {z;}, respec-



tively. A common feature subset, i.e., {1, 22}, is un-
able to reflect the inherent structural properties of the
three clusters. Apparently, clustering with local features
is highly desired. Along this direction, bipartite graph
partitioning [10] groups features together with patterns
in every cluster. However, features are divided exclu-
sively, which prevents the possibility of a feature being
relevant to more than one cluster. Other approaches,
usually referred as subspace clustering [9, 5], aim to
seek low dimensional density areas embedded in a high
dimensional feature space. Moreover, in real-world
problems, the number of clusters is usually unknown,
and hence needs to be detected. Note that different
feature subsets may lead to different number of clus-
ters. Feature selection and clustering model detection
are strongly dependent [7]. This suggests that these two
objectives must be achieved simultaneously. In this pa-
per, we address the problem of simultaneous localized
feature selection and model detection for unsupervised
learning. We propose a novel localized Bayesian infer-
ence approach of Gaussian mixtures, which computes
the local feature saliency, the number of clusters, and
other parameters of a mixture through variational learn-
ing.

The rest of this paper is organized as follows: The
Gaussian mixture model with local feature saliency is
presented in Section 2. Variational learning is used in
Section 3 to identify the mixture model and perform lo-
calized feature selection. We present our experimental
results in Section 4, and conclusion in Section 5.

2. Mixture Model with Localized Feature
Saliency

From a model-based perspective, each cluster can
be mathematically represented by a parametric distri-
bution. One of the most widely used distributions is
the Gaussian. The entire dataset can therefore be mod-
eled by a mixture of Gaussians. The clustering problem,
thereby, reduces to a problem of estimating the param-
eters of the Gaussian mixture.

A finite mixture of densities with K components is
represented by p(y) = ZJK:1 m;p(y|0;), where 7; are
called mixing coefficients, and 6; are the parameters
corresponding to component j. We use 7w to denote
the set {Wj}j=1,...,K’ and similarly 0 = {Gj}j:17,__,K
We assume features are conditionally independent, and
the importance of a feature can be different for differ-
ent clusters. The feature relevance is represented by a
matrix S = {s;i}kxp, where s;; = 1 indicates that
feature [ is associated with component j, otherwise,
sj; = 0. Let pj; = Pr(s;; = 1) be the probability
that feature [ is relevant to component j. Then, the like-

lihood can be obtained based on the following proposi-
tion !,

Proposition 1. Let p(-|0;;) represent the distribution of
a salient feature | for a particular component j, and
q(-|\j1) be the distribution if feature 1 is non-salient to
the particular component. Assuming that the features
are component-conditionally independent, the likeli-
hood function can be written as,

D
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where 0 = {{m;}, {0}, {pji}, {\ji}} is the set of all

the parameters.

The mixture component with localized feature
saliency can be interpreted as follows: Assume that
samples ); are clustered to component j, with fea-
ture association indicator vector (sj;)|;=1,..p. Y, are
compact on feature subset 7 of which s;; = 1, and
are loosely distributed on feature subset F_ of which
Sj1 = 0.

3. Estimate Localized Feature Selection by
Variational Learning

The parameters of the above mixture model can be
estimated by Maximum Likelihood (ML) with EM,
or by Variational Learning of Bayesian approximation
(VB). ML method treats the parameters as unknown but
fixed, while VB places a prior probability on the pa-
rameters. These two algorithms usually produce iden-
tical results in many cases. However, in order to in-
tegrate cluster number estimation, ML method usually
requires other criteria, such as Entropy measure and
Minimal Message Length (MML) for optimization. For
VB approach, this process can be implemented by the
proper choice of prior probability over mixing coeffi-
cients. Another problem encountered by ML is that sin-
gular components lead to infinite likelihood, which is
not the case with VB. We now present the VB approach
to approximate the parameters in (1).

3.1 Variational Approximation
In general, to evaluate the likelihood of mix-

tures, conditioned on the mixing coefficients, we must
marginalize the parameters as follows,

PO = /P(y,®|7r) 40 0

'We skip the proof due to the space constraint.



where © = {0,z,5} denotes all the parameters and
latent variables. The integral sign denotes the joint inte-
gral over 6 and the summation over z and S. This inte-
gral is analytically intractable. We therefore use vari-
ational methods to find the lower bound on P(Y|r).
The idea of variational learning is to approximate P(O)
with another easier distribution (©) by minimizing
the Kullback-Leibler divergence KL(Q||P) between Q
and P. Assuming that Q(©) factorizes over subsets
{©;} of the variables in ©, Q(©) = [], Qi(©;), the
KL divergence can then be minimized over all possi-
ble factorial distributions by performing free-form min-
imization over Q);,

_exp(InP(Y,0))rxi
Qi(0;) = [ exp(In P(Y, )i dO;

where (-)-; denotes an expectation with respect to the
distributions Q1 (©y) for all k& # i. (2) shows that the
sufficient statistics of each distribution (); depends on
the moments of other distributions ();;, which implies
an iterative solution for estimating the variational vari-
ables. In other words, with sufficient parameter initial-
ization, the statistics can be updated by taking each fac-
tor in turn and replacing its sufficient statistics by the
revised estimates.

@

3.2 Local feature saliency with variational
learning

We now apply variational approach to Bayesian mix-
ture of Gaussians with localized feature saliency. Given
the sets of hidden variables Z = {z;;} and S = {s;;},
the likelihood of the observed data is given by,

N K D
P(y‘TI',ILL,T, paev’Y) :Hzﬂ.j (ple(y7l|,u‘]lvT_jl)+
1

i=lj=1 I=
(1= p)N (yarleji, i) 3

where 1 = {p;;} and T = {7;} denote the means
and inverse variances of the “useful” subcomponents,
while ¢ = {¢;;} and v = {v;;} are the set of pa-
rameters for the “noisy” subcomponents. The distribu-
tion of the hidden variable Z given the mixing prob-
abilities 7 = {m;} and the distribution of the hid-
den variable S given the mixing probabilities p =
{pji} are governed as, P(Z|r) = Hf\;]—[;{:l w5,

() )
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and P(S|p) = [[;, Hj:l [L, ijl (1- le)l it

Model selection is accomplished by introducing con-

jugate priors o}v{er th% means and inverse covariances,

P(p) = Hj:l [T, N(wjilmi,e) and P(T) =

]_[szl Hle I'(7ji|e, B), where my, ¢, o, 3 are hyperpa-

rameters which control the prior distributions, and T'(-)
is the gamma distribution.

Applying (2) to the above Bayesian model, we get,

N K
Qz(2) =111+ (4)

i=1j=1
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where r;;, m{, ¢y, afy, 55, and w;;; are variational pa-
rameters that determine the density involved in (). We
take an EM-like process to approximate them by mini-
mizing KL(Q|| P)) w.r.t  at the first step, and minimiz-
ing KL(Q||P)) w.r.t. parameters 7;, p;i, €j;, and 7;; at
the second step.

This model has a property that the components with
similar parameters fitting the same Gaussian will com-
pete each other, yielding a dominant cluster. Thus, we
can initialize the model with a large number of clusters,
and eliminate the trivial clusters during the iterations.
Finally, the algorithm will produce a model with local-
ized feature saliency represented by p;;, and identify the
number of clusters simultaneously.

3.3 Advantages of the proposed approach

The advantages of our approach are summarized as
follows:

1. Compared with global methods, our method
can reveal cluster-wise feature relevance, thus provides
users more accurate information about the underlying
model which generates the data.

2. Compared with subspace clustering methods,
our method does not require users to provide parameters
which are critical but in practice almost impossible to
be set in advance, such as the number of clusters, the
density threshold, and the desired dimensionality.

3. Our method avoids heuristical navigation over the
large pool of possible feature subsets. The computa-
tional cost for each iteration of the proposed algorithm
is O(KND). It does not grow exponentially with D
or N, thus can be scaled to large datasets. The total
computational time depends on the number of iterations
required for converging.

4. Experimental Results

To thoroughly evaluate the proposed Localized Fea-
ture Selection using Variational Bayesian (LFSVB) al-



Table 1. Mutual information I and the estimated clus-
ter number ¢, represented by mean and standard de-
viation over 10 different runs, on UCI datasets. For
COSA, the number of clusters is determined manually,
indicated by “*”.

Data [[ Algo | é(std) [ I(std)
Heart || LFSVB | 2.8(0.8) [ 0.15(0.07)
COSA 2% 0.21(0.01)
GFSVB | 3(0.7) | 0.09(0.06)
Ton LESVB | 3.8(1.1) | 0.33(0.1)
COSA 4 0.30(0.01)
GFSVB | 3.4(0.9) | 0.21(0.05)
Vehicle || LESVB | 9.9(1.7) | 0.63(0.05)
COSA 9 0.48(0.01)
GFSVB | 10.5(1.5) | 0.58(0.09)
Wine || LESVB | 3.1(0.3) | 1.44(0.07)
COSA 3% 1.26(0.01)
GFSVB | 3.4(0.7) | 1.42(0.06)
WDBC || LFSVB | 6.3(0.8) | 0.68(0.02)
COSA 10%* 0.59(0.01)
GFSVB | 7.6 (0.9) | 0.67(0.02)
Yeast || LESVB | 11.4(2.1) | 0.39(0.06)
COSA 13% 0.15(0.02)
GFSVB | 6.8(0.8) | 0.36(0.01)

gorithm, we have compared it with the global feature
selection approach in [2] (GFSVB) (also based on vari-
ational leaning), and subspace clustering methods in [5]
(COSA, which produces soft feature importance), on
six real-world datasets downloaded from UCI Machine
Learning Repository [1], namely, Heart Disease, Iono-
sphere, Vehicle, Wine, WDBC, and Yeast. The mutual
information (/) between the true labels and cluster la-
bels is used to evaluate the performance of different al-
gorithms. A higher value of I indicates that the cluster
results are closer to the true class group.

Table 1 shows the mean and standard deviation of the
cluster numbers and mutual information over 10 runs
for the three algorithms. Note that cluster numbers for
COSA are set manually based on the dendrogram. On
the average mutual information, LFSVB outperforms
GFSVB on five (out of six) datasets (Heart, Ion, Ve-
hicle, Wine, and Yeast). On WDBC, it is as good as
GFSVB. LFSVB also outperforms COSA on five (out
of six) datasets (Ion, Vehicle, Wine, WDBC and Yeast).

In addition, different relevant feature subsets are se-
lected by LFSVB for different clusters, whose sizes
are usually smaller than the global relevant fea-
ture subset. For example, when the cut-off thresh-
old is set to 0.5, the feature subsets associated
with three clusters in the Heart dataset are C'1
[1,4,5,8,10],C2 : [1] and C3 : [4,5,8], while the

global one is [4,5,8,12]. For the Wine dataset, the
three subsets are C1 : [3,4,6,7,8,12,13],C2 : [2]
and C3 [1,2,4,10,12,13] and the global one is
[1,2,3,4,6,7,8,9,10,11,12,13]. These results indi-
cate that a globally relevant feature can be irrelevant to
some clusters. Thus, clustering with localized feature
selection algorithm provides users with more accurate
knowledge regarding the underlying model from which
the cluster component is generated.

5. Conclusion

In this paper, we propose a fully-automated method
to identify useful patterns embedded in feature sub-
spaces by integrating local feature selection, model de-
tection, and clustering into a unified Bayesian frame-
work through variational learning. We demonstrate the
advantages of our algorithm over global feature selec-
tion and subspace clustering methods on several real-
world datasets.
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