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Abstract

A new general dimension reduction framework
based on similar and dissimilar metric learning is
proposed in this paper which allows us to exploit the
geometry of data to reduce the data dimension for
classification —and  visualization. The general
formulation can unify the existing dimension
reduction algorithms within a common framework.
Furthermore, this metric learning framework can be
used as a general platform for developing new
dimension reduction algorithms. By utilizing this
framework as a tool, we propose a novel supervised
dimension reduction algorithm named Sub-Manifold
Preserving Analysis (SMPA) in which the intrinsic
sub-manifold structure will be preserved while the
margin of interclass will be separated. Experimental
evidences show that performance of our proposed
SMPA algorithm is better than other algorithms.

1. Introduction

Dimension reduction arises often in machine
learning and pattern recognition. Traditional
techniques such as Principal Component Analysis
(PCA) [1], multidimensional scaling (MDS) [2] and
Linear Discriminant Analysis (LDA) [3] can only
find the linear structure of high-dimensional data.
Recently, ISOMAP [4], locally linear embedding
(LLE) [5], Laplacian Eigenmap (LE) [6] and other
manifold learning methods try to cope with nonlinear
structure and related application problems when data
lie on or around a lower dimensional manifold.

In this paper, there are two contributions to
dimension reduction and applied tasks. First, we
present a general framework that offers a unified view
for understanding and explaining dimension
reduction algorithms such as PCA, LDA, ISOMAP,
LLE, Laplacian Eigenmap, Locality Preserving
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Projection (LPP) [7], Neighborhood Preserving
Embedding (NPE) [8], and Marginal Fisher Analysis
(MFA) [9].

Second, this framework can be used as a general
platform for developing new dimension reduction
algorithms. We accomplish this task by designing
similar matrix and dissimilar matrix according to
specific motivations. We develop a novel dimension
reduction  algorithm, Sub-Manifold Preserving
Analysis (SMPA) for classification and visualization
which aims at preserving the sub-manifold structure
of the intraclass data and separating the interclass
data. Remarkably, SMPA can achieve classification
and visualization both better than other methods.

The rest of this paper is organized as follows: the
general dimension reduction framework is introduced
in section 2. In section 3, we present our SMPA
algorithm with linear form and kernel form. Section 4
reports the experimental results of our proposal.
Finally, we give the conclusions in Section 5.

2. Metric Learning: A  General
Framework for Dimension Reduction

Let {x,x,,--,xy;x,€X} be a data set of M-

dimension and N, denote the number of samples

C
belonging to the ith class, » N,=N . There are C

i=1

classes and ith class denote by 7; .

Y=£(X)

Y=[y,yy] Where m<<M .

Dimension

reduction maps X =[x,---,xy] into

If f is a linear

transform, then Yz[wr] X . [®],,, is a projection

mxM
matrix. In [9] and [10], different dimension reduction
algorithms have been reformulated within a graph
embedding framework. In this section, we present a
novel unifying framework of metric learning to
provide a common perspective in understanding the



relationship of these algorithms and designing new
algorithms. Our metric learning framework is more
intuitive and general.

2.1. Metric Learning General Framework for
Dimensionality Reduction

Good metric is very important for real problems.
We set up a general dimension reduction framework
based on metric learning. First, we establish our
framework from three lemmas.

Lemma 1 Given a symmetric matrix A and a
positive definite matrix B, the first m generalized
eigenvectors of the generalized eigenvectors
problems Ay =ABy (y e R") is an optimal solution of
the constrained maximization problem:

{ y" =argmax tr(y’ Ay)

subject to:diag(y"By)=d
where d is a diagonal matrix. Similarly, the solution
of the corresponding minimization problem is the last
m generalized eigenvectors of (4,B)

For symmetric pairwise dissimilarity matrix D and
similarity matrix S, which D, and S, denote the

dissimilarity and the similarity of x; and x; seperatly.

Define the associated Laplacian matrix L,and L as:

D, i=j >SS, i=j
(Lo)i, =977 P (LS),/‘ =47 (1)
-D, i#j =S, i#]
Derive from the relationship of D and L,, we can
get lemma 2:
Lemma 2 For the maximization problem

2 : Lo
ZD” |y, =y, II" the optimal solution is the first m
L

eigenvectors of the matrix y'L,y. Similarly, for the
minimization problem ZS‘]. ||y,—yj\|2 the optimal

i

solution is the last m eigenvectors of the matrix
y'Lgy.

> D llyi-y P
argmax YD, ||y, -y, | argmax. ’
e and DA

st cdiag(y Lyy)=1 i)

st :diag(y'Lyy)=d
are equivalent. According to lemma 1, the solution of
this problem is given by the first m generalized
eigenvectors of (L,,Ly) .
Lemma 3 For the maximization problem and the
minimization problem:

2
zDgHyi_y/ H

ij

2
Zsy'l‘y,_yjH 4
ivj

st :diag(y'Lgy)=d

2
A FASH

iJ

2
>0,y =y
L

st :diag(y'L,y)=d

argmax argmin

the optimal solution is the first m generalized
eigenvectors of (L,,Ly) and the last m generalized

eigenvectors of (L,,L,) separately.

So our dimension reduction framework can be
given as following figure:

Metric Learning Dimension Reduction Framework

1. Define dissimilarity and similarity criterion
on data X, obtain dissimilarity matrix D and
similarity matrix S

2. Set up the maximization problem or the
minimization problem as
ZDU\\J’,—)/,\\Z Zsf, Ilyi=, I
argmax<5—— |argmingd—————
DS lyi=y, 1P DD llyi-y, I

Y i
st :diag(y'Lyy)=d st :diag(y'Lyy)=d

separately

3. Solve above problem by generalized

eigenvectors problems (L,,L;)or (Lg,L,)
4. Return the first m or last m generalized
eigenvectors as low-dimension data y

Fig. 1. Metric Learning Dimension Reduction Framework

Our framework founded on optimal problem,
generalized eigenvalues decomposition and Metric
Learning. It possesses several advantages:

(1) The general framework can unify the existing
dimension reduction algorithms especially
manifold learning methods, including LLE,
ISOMAP, LPP and MFA etc. in a common
metric learning framework.

(i1) In terms of different task we can add different
constrains into the optimal problem, so it is
very flexible.

2.2. Illustration Existing Dimensionality
Reduction method in Our Framework

In this section, we show that the previously
mentioned dimension reduction algorithms can be
reformulated within the presented metric learning
framework. The differences between these algorithms
lie on the selection of the dissimilarity and similarity
criterion.

a € R is a constant. We briefly list the choices of
D and S for these algorithms as follows.

i .
PCA: 5, - .a i ./, = .0! L#]
7 |arbitrary i=j Y |arbitrary i=
LDA:
= i# J, X, X, €7, B a i#j
S=1 M P70 | arbitrary =
ry i=j
arbitrary i=j
ISOMAP:
a-r(d), i#] a i#j
5, = r.( )y /. p,=1 #J
arbitrary i=j arbitrary =

where 7(d¢) is the normalized geodesic distance

matrix
LLE/NPE: Let W be a local reconstruction
coefficient matrix which is defined as follows:




w,=0 if

f obtain

x; N, (x) , otherwise W,

argmin || x, — Z Wx, |
by: jeN(x)
subject  to: Z w. =1

i
JeN (%)

a Wy + W, =2 W, W) i# ] { a i)
= k N ,.,=

It is clear that:

i

arbitrary i=j

arbitrary i=j
LE/LPP:
Il =x; I
S, =qa-e 20 i# j,jeN(x)orieNy(x)) ,
arbitrary i=j
50
a =7 7 i+ ]
D; = N-1

arbitrary i=j

MFA: S, =

ij

{a X;,X; € 7y, j € Ny(x,)ori € Ny (x;)
0

otherwise

_Ja xjem.x;gm,jeN,,(x)orie Nyy(x))
o otherwise
It is obvious that previous methods are mainly

focus on similarity matrix.

3. Sub-Manifold Preserving Analysis
(SMPA)

In order to make the best use of giving data we
focus on dissimilarity information and similarity
information both. We regard data with same class lie
on or around a sub-manifold. Data with different
class are lie on different sub-manifolds. So in order to
keep the sub-manifold structure while separate
interclass data, define SMPA dissimilarity matrix and
similarity matrix as follows:

ds .
A NN e e )
T\ Ad] xemux e,
G
5, - Zg/d‘.j X;,X; €7, h=1.C (3)
! 0 xem.xenr,

where d¢is the normalized geodesic distance matrix
(d° is the same as it used in ISOMAP), 4,4, and
4, are three constants.

It is clear that we assume interclass data has no
similarity for classification. The similarity is bigger
than dissimilarity in intraclass data, and interclass
data dissimilarity is bigger than intraclass data
dissimilarity. Moreover, if interclass samples
x,and x; are closer, D, is bigger since they are more

likely to be mislabeled.
3.1. Linear SMPA

Linear SMPA is linear approximations to the
SMPA algorithm which can find nonlinear sub-
manifold structure. We have the Linear SMPA
criterion:

2Dyl %, —a'x; |
* i
@ RS TS ot — o', P 4)
st diag(x" oL x)=d
® 1s a projection matrix.

It is worthwhile to generalize several aspects of

the proposal here:

(i) Linear SMPA can discover the sub-manifold
intrinsic structure of the data.

(ii) Linear SMPA makes it fast and suitable for
practical applications and easy to extend to
Kernel SMPA.

(iii) Linear SMPA is defined everywhere in
ambient space rather than just on the training
data points. It can solve the out-of-sample
problem easily.

3.2. Kernel SMPA

Kernel trick has been used to enhance the
nonlinear separability of the linear SMPA in this
paper. Suppose that the Euclidean space X c R” is
mapped to a Hilbert space H through a nonlinear
mapping function ®: X - ®(X) . Kernel function
is K(xi,xj):<CD(x,.),(D(xj)>:(I)T(xl)(I)(xl.) . Because
the kernel eigenvectors are linear combinations of

v
O(x,),....0(xy) , 50 =) ad(x,) is the projection
i=1
direction in new feature space, then the optimal « can
be obtained by:

) 2Dy 12K (xx)) = e K (x.x) |

S T K ()~ S K G ) T ®)
st diag}/Z:al k,(x,x,.)'LxZa‘ Ki(x,x/ N=d

The generaliied eigenveciors problems (Z,,L), in

the Hilbert space can be written as follows:
O (X)L, D(X) = 10" (X)L, D(X) , By simple algebra
formulation, we can finally obtain the following
eigenvector problem: KL, Ko =AKLKa . For a new

sample x the low-dimension projection is

new %

View =< @,0(x) >= D a1, <D(x),D(x,) >= Y o K(x,x,) .

i i

4. Experiments

In this section, we give a set of experiments to
demonstrate our proposed Linear SMPA method and
Kernel SMPA in the capability of visualization and
classification; including synthesized examples and
face recognition. We set scaling factors
A =24, =2 =1 for its simplicity in this paper.

4.1. Synthesized Visualization Problems

One of the most important aspects of exploratory
data analysis is data visualization [14]. In this part of



experiment we use two synthesized examples to
illustrate the effectiveness of our SMPA method for
visualization. As shown in Fig.2. we give some 2-D
data, they come from 2 classes. We show the 1-D
projection after dimension reduction with LDA, MFA,
LPP and SMPA.
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2 —e—LPP

19 —+—SMPA

g 20 \
5
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x

Fig. 2. Recognition rate versus dimension of reduced space

From the slope of each projection line, it is
obvious that without ruining their separation, the
different structure of the two class data is preserved
better in our method.

4.2. Face Recognition Problem

A great amount of face recognition algorithms
have been proposed in this area [1, 3, 9, 10, 13, 15]
during the past two decades.

In order to test the classification ability of SMPA,
second parts of our experiments are performed on
two face databases: 1) The Yale database [11]; 2)
The yaleB database [12]. In the Yale database, 165
frontal face images cover 15 individuals taken under
11 different conditions. Each individual has different
facial expressions, illumination conditions and small
occlusion. There are 10 individuals under 64 different
lighting conditions for 9 poses in the YaleB Database.
Only frontal face images under varying lighting
conditions are used in this paper. In all the
experiments, images have been cropped into 32 x 32
pixels.

We average the results over T random splits. A
random subset with k images per individual form the
training set. In the Yale database we set T=10, k=6,
and 7=5, k=40 in the YaleB database.

In order to show the performance of the proposed
SMPA algorithm, we use LDA, LPP and MFA as
benchmarks in comparison with our proposed
algorithm in the experiment.

Table 1. Recognition rate e on Yale and YaleB database.

Yale (dimensions YaleB (dimensions
of reduction space) of reduction space)
LDA 78.7% (14) 96.8% (9)

LPP 78%  (30) 96.8% (30)

MFA 62.2% (30) 95.2% (30)
LSMPA 79.9%  (30) 98.2% (30)
KSMPA 81.4% (30) 97.6% (30)

It can be seen in Tabel.l that our method is
improve over other methods.

5. Conclusions

In this paper, we provide a novel framework of
dimension reduction. This framework brings together
ideas from the theory of optimal problem, generalized
eigenvalues decomposition and metric learning. It
gives a unified perspective to explain and understand
existing dimension reduction algorithms. Moreover, it
can also be used as a platform to develop new
algorithm for dimension reduction. And in order to
testify our framework we have proposed a novel
dimension reduction algorithm, named Sub-Manifold
Preserving Analysis (SMPA). This algorithm can
preserve the intraclass data structure and separate
interclass data. The synthesized problem and the face
recognition experiments have illustrated the good
performance of our proposed Linear SMPA and its
kernel extension.
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