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Abstract

In this work we introduce a probabilistic model for

classifying segmented images. The proposed classifier

is very general and it can deal both with images that

were segmented with deterministic algorithms, such as

the k-means algorithm, and with probabilistic cluster-

ing approaches, such as the Hidden Markov Random

Field (HMRF) algorithm. Similarly, our model can be

used on either binary images or on images that contain

multiple clustering labels as well as on images with any

cluster boundaries (sharp, fuzzy or irregular). We tested

our classifier on real fMRI images and showed that it

outperforms the region-based Maximum Likelihood k-

means classifier. Furthermore, we showed that higher

classification rates are obtained when the images are

segmented using a probabilistic HMRF algorithm com-

pared to deterministic k-means method.

1. Introduction

Classification and segmentation are among the most

commonly used methods for analyzing images. They

are especially useful for medical applications, for an-

alyzing and decoding fMRI images [3], and for un-

derstanding the functional properties of the human

brain [4]. However, these two methods are usually

used independently despite the fact that they could po-

tentially benefit each other. For example, voxel acti-

vations are extremely noisy and utilizing information

from the neighboring voxels, e.g. using clusters instead

of voxels, could help deal with noise. However, clas-

sifying segmented images presents its own challenges:

how should one evaluate similarity between two differ-

ent segmentations? Which cluster from one segmen-

tation corresponds to which cluster from another seg-

mentation, and how should one compare the shapes of

different regions?

Probably the simplest solution is to consider only

two cluster labels, e.g. a background label and a region

of interest (ROI) label, and then focus only on the ROIs

and compare their shapes across different images [5].

Although this approach can be useful in some clinical

applications [5], the analysis is limited to only ROIs

and its associated binary assignment (active versus non-

active) is not sufficient. For example, in many situations

the same region of the brain might be involved in sev-

eral functional activities at the same time and therefore

the same voxel should have multiple labels (belong to

several clusters) and this assignment should be proba-

bilistic.

In this work, we address the previous problems us-

ing a Bayesian approach and introduce a Categorical

Distribution-based (CD) classifier. Instead of focusing

only on specific ROI, our model can classify segmented

fMRI images of the whole brain. The proposed clas-

sifier is voxel-based (uses cluster assignment informa-

tion from each voxel) as opposed to region-based (e.g.

representing clusters with density functions) and it can

therefore easily deal with any kind of region boundaries

(e.g. sharp, fuzzy or irregular). The algorithm is very

general in that it can utilize both deterministic and prob-

abilistic voxel to clusters assignments, and it can also

deal with clusters with multiple labels.

To segment images, we implemented a deterministic

k-means algorithm and a probabilistic Hidden Markov

Random Field (HMRF) finite mixture model [7]. The

advantage of the HMRF model is that it imposes spa-

tial constraints on the neighboring voxels which is bio-

logically realistic assumption since neighboring voxels

tend to have similar activations. In this work, we build

a HMRF Dirichlet process mixture model and derive a

collapsed Variational Bayesian (VB) approach [1] to in-

tegrate out the mixture weights.

We tested our model on real fMRI images and

demonstrated that our classifier significantly out-

performs the Maximum Likelihood k-means (ML-

KMeans) classifier. Furthermore, we showed that

higher classification rates are obtained when the images

are segmented using a probabilistic HMRF approach

compared to deterministic k-means method.
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2 Categorical distribution-based classifier

The input to the classifier is a segmented image,

which can be obtained using a number of clustering al-

gorithms such as the k-means or the HMRF algorithm,

and the objective is to classify the image into one of sev-

eral classes. Each voxel of the segmented image is as-

sociated with a sequence of numbers that provide an as-

signment of the voxel to each of the K clusters. We call

this sequence of numbers a clustering distribution vec-

tor (CDV). The assignment can be either fixed, in which

case a voxel is assigned to only one cluster, or proba-

bilistic, in which case the sequence represents probabil-

ities of assigning a given voxel to each of K clusters.

For example, if the CDV is obtained after maximizing

a posterior or from other deterministic algorithms such

as the expectation-maximization algorithm, then the as-

signment matrix vik is the indicator matrix and for some

k∗, vik∗ = 1. However, if the CDV is obtained using

a probabilistic clustering approach, such as the HMRF

finite mixture model, the assignment for each voxel is

vi = {p(ci = 1), ..., p(ci = K)},
∑

k vik = 1.

We will assume that there exists a true underlying

distribution that assigns a voxel to each of the K clusters

and that this distribution is class specific. For example,

the probability of assigning the i-th voxel to the k-th

cluster when the voxel belongs to the segmented image

obtained from the class y is denoted as η
y
ik. For sim-

plicity, we will omit the subscript y. If as a result of the

deterministic clustering procedure the i-th voxel is as-

signed to k∗th cluster, vik∗ = 1, then the distribution of

v is given as p(vi|ηi) = p(vik∗ = 1|ηi) = ηik∗, which

can be viewed as a generalization of the Bernoulli dis-

tribution to more than two outcomes (or the categorical

distribution). When the cluster assignment consist of

probabilities instead integers, we generalize the distri-

bution as p(vi|ηi) ∼
∏K

k=1 ηvik

ik , which reduces to ηik∗

in a deterministic case vik∗ = 1.

In principle, the parameter η can be estimated from

the training data and then used to calculate the class

conditional likelihood function (CCLF) of observing

a specific segmentation. If we denote the segmenta-

tion of a test image as U = {(u1, ..., uN)}, where N

is the number of voxels in the image, then the likeli-

hood that a particular cluster assignment is generated

by the distribution defined by the parameter of the class

y is p(U |ηy). However, this likelihood can also be

calculated without explicitly estimating the parameter

η. In this work we use Bayesian approach and inte-

grate over the parameter. If we denote the training ex-

amples of a given class y as V j = {(v1, ..., vN)j},

then the class conditional likelihood can be written as

p(U |V 1, ..., V M ), where M is the number of training

examples. More specifically, the likelihood function

p(U |V 1, ..., V M ) is given by,

p(U |V 1, ..., V M ) =

N∏
i=1

p(ui|v
1, ..., vM)

=

N∏
i=1

∫
dηip(ui|ηi)p(ηi|v

1
i , ..., v

M
i ) (1)

The unknown parameters ηi of the ith voxel can be

estimated from the M training samples,

p(ηi|v
1
i , ..., v

M
i ) =

p(v1
i , ..., vM

i |ηi)p(ηi)∫
dηip(v1

i , ..., v
M
i |ηi)p(ηi)

(2)

where p(v1
i , ..., vM

i |ηi) =
∏M

j=1 p(vj
i |ηi). We choose

for the prior p(ηi) to be Dirichlet distribution

p(ηi) =
Γ(Kλ)

Γ(λ)K

K∏
k

ηλ−1
ik (3)

and therefore our posterior will also have the form of

Dirichlet distribution which will allow the exact calcu-

lation of the integral. Note that in calculating the in-

tegral over ηi, one has to include the constraint that

ηik ≥ 0,
∑

k ηik = 1. Knowing that,

∫
dηi

K∏
k=1

ηλk−1
ik =

∏K

k=1 Γ(λk)

Γ(
∑K

k=1 λk)
(4)

Eq (1) can be integrated as,

p(U |V 1, ..., V M )

=

N∏
i=1

∏K

k=1 Γ(sik + uik + λ)Γ(M + Kλ)∏K

k=1 Γ(sik + λ)Γ(M + Kλ + 1)
(5)

where sik =
∑M

j=1 v
j
ik . If one uses a deterministic clus-

tering, such as the k-means, then the quantity sik rep-

resents the number of times the i-th voxel has been as-

signed to the k-th cluster across all the training images.

2.1 The correspondence problem

The result of a clustering algorithm is a segmented

image where all the voxels from one region (or cluster)

have the same label. However, the labeling of each re-

gion is essentially random and therefore even the clus-

ters representing two exact segmentations can have dif-

ferent labels. We assume that all the images from one

class will have similar segmentations and we want to

find an assignment between clusters of two images that

reflects this property. The problem of which cluster



from one image should be assign to which cluster of an-

other image is known as the correspondence problem.

It is a combinatorial optimization problem and it can

be solved using the Hungarian algorithm in polynomial

time [2]. The algorithm models an assignment problem

as a n × m cost matrix, where each element represents

the cost of assigning the kth cluster in one image to the

jth cluster in a different image. The algorithm performs

minimization on the elements of the cost matrix.

We define the distance between the kth cluster from

image 1 and the lth cluster from image 2 as

dk,l =
∑

i

|v1
ik − v2

il|. (6)

The objective is to find a permutation of the clus-

ters from the second image that produces the highest

overlap among the clusters of the two images. This is

equivalent to minimizing the following objective func-

tion over the one to one cluster permutation mapping

p : {1, ..., K}→ {1, ...K},

f(p) =
∑

k

dk,p(k) =

K∑
i,k

|v1
ik − v2

ip(k)|, (7)

where k goes over all clusters, and i over all voxels.

To learn the parameter sik for a given class, we solve

the correspondence among all the training images of

that class. To calculate the CCLF given by Eq. (5),

we then solve the correspondence problem between the

given test image and each class of training images.

2.2 HMRF Dirichelet finite mixture model

In this section, we review the finite Dirichlet Gaus-

sian mixture model with spatial dependences modeled

by hidden Markov random fields and then derive the

collapsed VB approach.

Suppose the observation x = {xi, i = 1, ..., N} can

be described by a Gaussian mixture model with hidden

states c = {ci},

p(x, c, Θ) =

N∏
i

p(xi|Θci
)p(c)p(Θ) (8)

where p(xi|Θk) = N (µk, Γk) follows a Gaus-

sian distribution. Each data point is generated from

one of the K hidden Gaussian models whose pa-

rameters are drawn from the parameter space Θ =
{µ1, Γ1, ..., µK, ΓK} according to the hidden indicator

variable (or class label) c = {c1, c2, ..., cN}.

The hidden cluster variable follows the Generalized

Bernoulli distribution and has a spatial constraint mod-

eled by a Markov random field,

p(c|π) ∝
K∏

k=1

πmk

k exp(−γU(c)) (9)

where mk is the number of samples whose hidden

state is the kth state and U is an energy function

of the random field c. It is defined as the in-

teraction between neighboring data points U(c) =∑N

i=1

∑
j∈neighbors of i(1 − δ(ci, cj)). To lower the en-

ergy function, the neighboring data points are desired

to have the same class labels.

Conjugate prior is Gaussian for the means

p(µk|Γk) = N (ρ0, β0Γk), and Wishart for the

precisions, p(Γ) = W(ν0, Φ0). The conjugate prior

for π is Dirichlet p(π) = Γ(Kα)
Γ(α)K

∏K

k=1 πα−1
k .

After integrating over π, we obtain the marginal dis-

tribution of p(c) and p(c−i) from which, the distribu-

tion of the class label of one data point conditioned on

other points can be calculate as,

p(ci = k|c−i) =
p(c)

p(c−i)
∝

m−i,k + α

N − 1 + Kα
exp(−γUi)

(10)

where m−i,k is the number of data points assigned to

class k and excluding the point i.

2.3 Variational Bayesian inference algorithm

In this section, we review the variational Bayesian

inference algorithm and introduce the closed analytical

form for the collapsed VB solutions to HMRF model.

In Bayesian framework, one needs to estimate the

joint posterior p(c, Θ|x) to infer class labels c and the

corresponding parameters Θ. VB approach considers

an approximate variational posterior q(c, Θ) with a fac-

torized form q(c, Θ) =
∏N

i=1 q(ci|x)
∏T

k=1 q(Θk). q is

computed by minimizing the Kullback Leibler (KL) di-

vergence between the variational posterior q(c, Θ) and

the real joint posterior p(c, Θ|x).

D(q(c, Θ)||p(c, Θ|x))

= −
∑

c

∫
dΘq(c, Θ) log

p(x, c, Θ)

q(c, Θ)
+ log p(x)

By minimizing the KL divergence, we get the update

equations,

q(Θk) ∝ p(Θk) exp(Ec[logp(x|Θ, c)]) (11)

q(ci = k) ∝ exp(Ec−i
[logp(ci|c−i)] + EΘk

[logp(xi|Θk)])
(12)



Subject 1 2 3 4 5

CD (%) 68.3 58.3 65.0 61.7 63.3

ML-KMeans 51.7 50.0 48.3 50.0 51.7

Table 1. Classification rates for the CD

and ML-KMeans classifiers on images
segmented with HMRF method.

Parameter posteriors are functionally identical to

the priors but have different parameter values, i.e.,

q(µk|Γk) = N (ρk, βkΓk), q(Γk) = W(νk, Φk), see

[6] for details about updating the parameter values.

Since there is no conjugate prior for the collapsed

distribution of the cluster variable in Eq. (10), the first

term of Eq. (12) needs careful treatment as shown in

[6].

3 Results

In this section, we evaluate the performance of our

classifier on fMRI images that were segmented us-

ing both the deterministic (k-means) and probabilis-

tic (HMRF) algorithms. We compare the classification

rates of the CD classifier and the ML-KMeans classifier

(see [5] for more detail). In all experiments k = 5.

The fMRI data used in this work were recorded while

the subjects were looking at face images (either dis-

gusted or fearful) and trying to detect their emotional

expressions [4]. Each face was shown for very brief pe-

riod of time, 70ms, making the task very difficult. The

number of fMRI images for each class was 30. The

activation of each voxel was represented with 7 points

and in order to reduce the dimensionality of the data,

we modeled the voxel activation curve by fitting it to a

polynomial function of the second order [6]. As a re-

sult, activation of each voxel was represented not with a

scalar but with a 3D vector.

In the first experiment, we compare the classifica-

tion rates of the CD and ML-KMeans classifiers on the

fMRI images that were clustered using HMRF model

and the collapsed VB inference algorithm. As one can

see from Table. 3, the classification rates when using the

HMRF clustering are consistently higher than the rates

when the images were clustered with the k-means algo-

rithm. In the second experiment we used as a clustering

method the k-means algorithm. As shown in Table. 3,

the CD classifier outperforms the ML-KMeans classi-

fier for most subjects.

Subject 1 2 3 4 5

CD(%) 58.3 55.0 48.3 51.7 65.0

ML-KMeans(%) 53.3 50.0 51.7 50 48.3

Table 2. Classification rates for the CD

and ML-KMeans classifiers on images
segmented with k-means method.

4 Conclusions

In this work we introduced a new model for clas-

sifying segmented images and tested it on real fMRI

images. We demonstrated that the CD classifier is

very general in the sense that it can deal not only

with images that were segmented with deterministic

algorithms, such as the k-means algorithm, but also

with probabilistic clustering approaches, such as the

HMRF algorithm. We contrasted our classifier with

ML-KMeans based classifier, and showed that it out-

performs the ML-KMeans classifier on almost all sub-

jects. Furthermore, we showed that our classifier can be

used not only on binary images, but also on images that

contain multiple clustering labels which can be of great

importance when analyzing medical data.
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