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|Abstract

We present a method for segmenting a planar digital

and, among other things, allows us to deal in the same]
way with line segments and circular arcs. This avoids|
considering two different dissimilarity measures [35, 10]

curve into line segments and circular arcs. It is based

or limiting to only one kind of primitive [8, 9].

on Dynamic Programming and works in a transformed

The rest of the paper is organized as follows: the]

domain which makes the approximation process sim-
|pler and independent from the particular geometrical
|primitive considered. Experiments performed on some

next section presents the problem and introduces some]
notations. Sect. 3 introduces and briefly describes the]
({,a) plane, while sect. 4 describes the DP algorithm|

shapes confirm the effectiveness of the approach.

for locating the brakpoints. Sect. 5 presents the results|

1. Introduction

Segmentation of digital planar curves into geometri-

obtained on some curves. Finally sect. 6 contains some]
concluding remarks.

2. The problem

cal primitives is an important technique for image anal-
ysis, shape description, pattern recognition and image
understanding. The digital curve is divided into parts
and each part is fitted with a piece of analytic curve,
which can be a line segment, a circular arc, or a higher
order curve. Many techniques have been proposed for
this purpose, ranging from the simple polygonal ap-
proximation to the use of complex curves such as el-
liptic arcs, splines, Bézier curve, NURBS, etc. In this
framework, curve segmentation using circular arcs and
line segments represents a good trade-off between the
simple polygonal approximation, computationally light

Any digital curve can be represented like a polygo-
nal line, i.e. a sequence of connected straight segments,
without loss of information. A simple way to obtain
this is to consider as a segment each maximal set of
collinear, adjacent points belonging to the curve. The
problem we face is how to approximate such a polyg-
onal line made of N segments by means of a set of
M primitives (line segments or circular arcs). To this
aim, let us define § = {S1,52,953,...... ,Sn} the or-
dered set of the N segments belonging to the polygonal,

but frequently not suitable for the requirements of the

¢
P,; = U S, a generic piece of the polygonal and ¥4

the geometric primitive (line segment or circular arc)

application at hand, and the approximation with more
sophisticated primitives, accurate but computationally
complex. Moreover, such curve segmentation identifies

chosen to approximate P,.;. Actually, the problem is
finding the best partition of S into M clusters, i.e. de-
ciding where to insert M-1 breakpoints in such a way

the parts of the digital curve having constant curvature

that an approximation error is minimized. In this way]

and thus it could be profitably used as a first stage in ap-

the problem can be formalized as follows]

proximation methods based on higher order primitives.

This paper presents a method for segmenting a pla-
nar digital curve into line segments and circular arcs
based on Dynamic Programming (DP). It clearly dif-
fers from other DP-based methods [5, 8, 9] which
perform the approximation in the (x,y) plane. Our

ki,nkn—1

min d (P, Y1ky) +‘

A (Pry 4 1chos Vor 41k2) + - -+ H
d(PkM—linykayN) (1)

method works in a transformed domain, the (!, &) plane,
which sensibly simplifies the approximation process

where d(P,.,vr) is a function which estimates the]
shape dissimilarity between P,.; and the primitive ;.
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In our approach such evaluation is not made in the (z, 3)

means of the difference between the functions repred

plane, but in a transformed domain, described in the

senting the two curves in the (I, @) plane. On this basis|

next section.

3. The (I, «) plane

we can transfer the fitting problem from the (z, y) plane|
to the (I, &) plane and turn it in the simpler problem to|
find the best approximation of a stepwise function (the
polygonal in the (z,y) plane) with a group of straight

A representation of the polygonal Py.y, alternative
to the usual list of vertices in the (x,y) plane, can be
provided by the function «(l) which gives the angle,

segments (circular arcs in the (x,y) plane). However,
it should be emphasized that a line segment in (z, y) is
represented by a horizontal straight segment in (I, «v);

measured in the counterclockwise direction, between

in other words, a line segment coincides explicitly with

each segment of the polygonal and the first segment as

a circle arc with null curvature. This is a noteworthy

a function of the length [ of the polygonal, measured

property which allows us to deal in the same manner

from the first vertex of the starting segment. If we plot
a(l) vs. 1, the polygonal line is represented by a set of

with both circular arcs and line segments, while this
is not true for approaches working in the (z,y) plane

segments (a stepwise function) in the (I, a) plane: it is

which are limited to only one kind of primitive [8, 9] or

easy to see that, with respect to the initial representation

must use two different dissimilarity measures [5, 10] ‘

of the polygonal as a list of coordinate pairs of vertices,

In particular, we consider a shape dissimilarity mea-

this kind of representation is translation and rotation in-
variant (see fig. 1).

sures based on the Lo distance and thus the primitive
approximating the piece of polygonal F;;; is given by

g = min / (P =) dl; @)

Since a circular arc vy in the (I, ) plane is represented
by a straight segment with equation o = al+b, the coef-

ficients a, b of the primitive satisfying eq. (2) are given
by simply solving a system of two linear equations [3].
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4. Locating Breakpoints through DP

The problem stated in eq.(1) can be easily reformu-
lated in terms of dynamic programming by applying
the principle of optimality [2]. Let us call h(r,t) =
d (Pr4,7r4) the error obtained by approximating the

(b)

Figure 1. An example of polygonal curve

piece P..; with the primitive v, and H (N, M) the ap-|
proximation error related to the solution of eq. (1), i.e.:

(a) and its representation in the (/,q)
plane (b).

M-1
H(N,M)=  min > (ks +1,ki41) (3)
=0

1,k2,. k-1 S

In an analogous way, a circular arc with radius R

in the (z,y) plane is transformed into a straight seg-

ment whose slope is proportional to %; in particular,

It is easy to see that, for M = 1,2, 3, 4 and for a generic
n, the following equations hold:

a whole circumference with radius R is represented in
the (I, &) plane by a straight segment joining the points

(0,0) and (27 R, 27). Similar representations have been
used elsewhere [1, 4, 6]. The adopted representation,
besides the described invariance features, allows to de-
scribe the shape of a given curve in an univocal way L.
This framework allows us to reliably estimate the
shape dissimilarity between two generic curves by

H(n,1) = h{l,n)

H(n,2) = rréiln[h(l, k1) + h(ki + 1,n)]

H(Tl,?)) = ,gﬂlkn[h(]-vkl)‘i‘h(kl + ].,kg)-l—
h(k’z =+ 1,n)]

= n%in[H(kg, 2) + h(ko + 1,n)]

min [A(1, k1) + h(ks + 1,k2) +

H(n,4) =
(n, ) ki,k2,ks

FFor a closed curve this could be obtained by assuming as first

vertex a point invariant of rotations, translations and scale variations
(e.g. the most critical vertex).

= n%in[H(kg, 3) + h(ks + 1,n)].




In summary, the minimum error of fitting n segments
with m circular arcs can be calculated by considering

5. Experimental Results

the best fitting of the last ¢ segments with a single arc
given that the prior n — g segments were optimally fitted
with m — 1 arcs. This is formalized with the following
recurrence relation:

Because of the limited space, we can show the results
of our method only for the two digital curves shown in
fig. 3; they are of different complexity and with differ-
ent numbers of points (curve a: 35, curve b: 81). For

H(n,m) = mjin [H(jm—-1)+h(F+1,n)] @

the approximation, we have manually decided the start{

ing point and given the number of primitives M for each
curve (curve a: 4, curve b: 13). The approximating cir-
cular arcs have been drawn in (z, y) plane according to]

withm—-1<j<n—-1

According to eq. (4) we can define the algorithm
1 for obtaining the best fitting of N segments with M
arcs. The algorithm builds a table H(n,m) made of N
rows and M columns (see fig. 2). It is worth noting
that not all the cells of the table are used since, accord-
ing to eq.(4), to obtain the value H (n, m) we need only
the values belonging to the preceding n — m + 1 rows
and to the previous column. For this reason each col-

an algorithm described in [7].

(a)

(b)

umn will contain N — M + 1 values, except for the Iast
one which will contain only the value on the last row,
i.e. the final error. The algorithm firstly calculates the
NN=1) . : .

——— circular arcs v;;; optimally approximating the‘
polygonal pieces P;.; with i < 7, together with their ap-|

Figure 3. The curves used for the experi-
ments.

proximation error h(¢, 7). The table is then initialized:
the cells on the diagonal are set to zero (approximating
t segments with ¢ arcs provides a null error) while the
cells H(n, 1) of the first column are filled with the cor-
responding values h(1, n) previously evaluated (the first
column refers to the first state of the process, i.e. the ap-
proximation with one arc). The rest of the table is com-
puted by calculating the values on the columns from 2
to M — 1 and, finally, the only value on the M — th
column; in the same time, the obtained breakpoints are
stored in another table b(n, m). As the last task, the lists
of breakpoints and of the circular arcs are constructed.
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Figure 4. Approximation of the curve a.

6. Conclusions and Future Work

We have introduced a method for segmenting a pla-
nar digital curve into line segments and circular arcs.
It is based on Dynamic Programming and works in a
transformed domain. The method proved to be effec-

Figure 2. Example of table for N = 11 and

M=r1.

tive when tested on several curves of different complex-
ity. A limitation (common to the other similar meth-
ods) is that the number of approximating arcs A should
be specified beforehand. Our immediate future work is|

to make the method parameterless by defining an algo-|




Algorithm 1 DP Breakpoint Location

Imput: Sq,...,5y: N segments of the polygonal

Output: B: list of breakpoints; [': list of circular arcs

Py.n; M, number of circular arcs

/¥Evaluation of the circular arcs*/
fori=1toN —1do
forj=i+1to Ndo
calculate the circular arc ;;; approximating P, ;
h(i,5) = d (Pij,vi:5)
end for
end for

Figure 5. Approximation of the curve b.

/*Table inizialization*/ ‘
forn = 2to N — M dd

rithm which automatically establishes the optimal num-

H(n,1) = h(1,n)

ber of approximating primitives.

end for
fort=1to M —1do
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