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IAbstract

We present a method for segmenting a planar digital

and, among other things, allows us to deal in the samel
way With Ime segments and Circular arcs. ThiS aVOIdsl
considering two different dissimilarity measures [5, 10]

curve into line segments and circular arcs. It is based or limiting to only one kind of primitive [8, 9].
on Dynamic Programming and works in a transformed
domain which makes the approximation process sim­
Ipler and independent from the particular geometrical
Iprimitive considered. Experiments performed on some

The rest of the paper is organized as follows: thel
next section presents the problem and introduces somel
notations. Sect. 3 introduces and briefly describes thel
(l,o:) plane, while sect. 4 describes the DP algorithml

shapes conjirm the effectiveness oj the approach. for locating the brakpoints. Sect. 5 presents the resultsl

1. Introduction

obtamed on some curves. Fmally sect. 6 contams somel
concluding remarks.

Se mentation of di ital lanar curves into eometri-
2. The problem

d (Pt:kllfl:k,) +1

d(Pk, +I:k2,fk, +I:k2) + ... +1
d(PkM_1:N,fkM_1:N) (1)

min
k" ... ,kM-'

where d(Pr :t , fr:t) is a function which estimates thel
shape dissimilarity between Prot and the primitive ')'r:tJ

that an approximation error is minimized. In this way]
the problem can be formalized as follows:1

chosen to approximate Prot. Actually, the problem isl
finding the best partition of S into M clusters, i.e. de-I
ciding where to insert M -1 breakpoints in such a wayl

the eometric rimitive (line se ment or circular arc)

Any digital curve can be represented like a polygo­
nalline, i.e. a sequence of connected straight segments,
without loss of information. A simple way to obtain
this is to consider as a segment each maximal set of
collinear, adjacent points belonging to the curve. The
problem we face is how to approximate such a polyg­
onal line made of N segments by means of a set of
M primitives (line segments or circular arcs). To this
aim, let us define 8 = {81 , 82 , 83 , , 8N} the or-
dered set of the N segments belonging to the polygonal,

t
Prot = .U 8 i a generic piece of the polygonal and fr:t

the parts of the digital curve havmg constant curvature

method works in a transformed domain, the (l, 0:) plane,
which sensibly simplifies the approximation process

application at hand, and the approximation with more
sophisticated primitives, accurate but computationally
complex. Moreover, such curve segmentation identifies

and thus It could be profitably used as a first stage m ap-

cal pnmltIves IS an Important techmque tor Image anal­
ysis, shape description, pattern recognition and image
understanding. The digital curve is divided into parts
and each part is fitted with a piece of analytic curve,
which can be a line segment, a circular arc, or a higher
order curve. Many techniques have been proposed for
this purpose, ranging from the simple polygonal ap­
proximation to the use of complex curves such as el­
liptic arcs, splines, Bezier curve, NURBS, etc. In this
framework, curve segmentation using circular arcs and
line segments represents a good trade-off between the
sim Ie 01 onal a roximation, com utationall Ii ht
but frequently not suitable for the requirements of the

proxlmatlOn methods based on higher order pnmltlves.
This paper presents a method for segmenting a pla­

nar digital curve into line segments and circular arcs
based on Dynamic Programming (DP). It clearly dif­
fers from other DP-based methods [5, 8, 9] which
perform the approximation in the x, y plane. Our
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In our approach such evaluation is not made in the (x, y)
plane, but in a transformed domain, described in the
next section.

3. The (l, a) plane

means of the difference between the functions repre I
senting the two curves in the (I, ex) plane. On this basisJ
we can transfer the fitting problem from the (x, y) planel
to the (I, ex) plane and tum it in the simpler problem tol
find the best approximation of a stepwise function (thel
polygonal in the (x, y) plane) with a group of straight

A representation of the polygonal PI :N , alternative
to the usual list of vertices in the (x, y) plane, can be
provided by the function ex(l) which gives the angle,
measured in the counterclockwise direction, between

segments (circular arcs in the x, y plane). However,
it should be emphasized that a line segment in (x, y) is
represented by a horizontal straight segment in (I, ex);
m other words, a hne segment comcIdes exphcItly wIthl

each segment of the polygonal and the first segment as a circle arc with null curvature. This IS a noteworthyl

a function of the length I of the polygonal, measured property whIch allows us to deal m the same manne~

from the first vertex of the starting segment. If we plot
ex I vs. I, the polygonal line is represented by a set of
segments (a stepwise function) in the I, ex plane: it is
easy to see that, with respect to the initial representation
of the polygonal as a list of coordinate pairs of vertices,

Wit ot clrcu ar arcs an me segments, w let IS
is not true for approaches working in the (x, y) plane
which are limited to only one kind of primitive [8, 9] or
must use two I erent Isslml anty measures

In particular, we consider a shape dlsslmllanty mea-I

this kind of representation is translation and rotation in­
variant (see fig. I).

sures based on the £2 distance and thus the pnmltivel
approximating the piece of polygonal Pi :j is given bY:1

I . ~ ".

~
Since a circular arc "I in the (I, ex) plane is representedl
by a straight segment with equation ex = al+b, the coef-I

Clents a, 0 the pnmltive satls ymg eq. (2) are giVen
by simply solving a system of two linear equations [3].
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Figure 1. An example of polygonal curve
(a) and its representation in the (I, ex)
plane (b).

4. Locating Breakpoints through DP

The problem stated in eq.(1) can be easily reformu­
lated in terms of dynamic programming by applying
the principle of optimality [2]. Let us call h(r, t) =
d Pr :t , "Ir:t the error obtained by approximating the
piece Pr :t with the primitive "Ir:t and H(N, M) the ap-I
proximation error related to the solution of eq. (1), i.e.:

M-I

H(N, M) = min L h(kj + 1, kj+I) (3)
kl,k2, ... ,kAI-l . 0

h(k2 + 1, k3 ) + h(k3 + 1, n)11

min[h(l, kI ) + h(kI + 1, n)]
k,

h(l,n)

min[H(k3 , 3) + h(k3 + 1, n)].
k

min[h(l, kI ) + h(kI + 1, k2 ) +
k"k 2

h(k2 + 1, n)]
min[H(k2 , 2) + h(k2 + 1, n)]

k 2

min [h(1, kI ) + h(kI + 1, k2 ) +
k, ,k2 ,k3

H(n,3)

H(n,4)

H(n,2)

H(n,l)

t IS easy to see t at, or
n, the following equations hold:

a whole circumference with radms R IS represented m
the (I, ex) plane by a straight segment joining the points
(0,0) and (27rR, 27r). Similar representations have been
used elsewhere [1, 4, 6]. The adopted representation,
besides the described invariance features, allows to de­
scribe the shape of a given curve in an univocal way I.

This framework allows us to reliably estimate the
shape dissimilarity between two generic curves by

In an analogous way, a circular arc with radius R
in the (x, y) plane is transformed into a straight seg­
ment whose slope is proportional to *; in particular,



In summary, the minimum error of fitting n segments
with m circular arcs can be calculated by consideringl
t e est ttmg 0 t east q segments Wit a smg e arc
given that the prior n - q segments were optimally fitted
with m - 1 arcs. This is formalized with the following
recurrence relation:

H(n, m) = min [H(j, m - 1) + h(j + 1, n)] (4)
J

5. Experimental Results

Because ofthe limited space, we can show the results
of our method only for the two digital curves shown in
fig. 3; they are of different complexity and with differ­
ent numbers of oints (curve a: 35, curve b: 81). For
the approximation, we have manually decided the startj
ing point and given the number of primitives M for eachl
curve (curve a: 4, curve b: 13). The approximating cir­
cular arcs have been drawn in (x, y) plane according tol

with m - 1 ::; j ::; n - l.

According to eq. (4) we can define the algorithm
1 for obtaining the best fitting of N segments with M
arcs. The algorithm builds a table H(n, m) made of N
rows and M columns (see fig. 2). It is worth noting
that not all the cells of the table are used since, accord­
ing to eq.(4), to obtain the value H(n, m) we need only
the values belonging to the preceding n - m + 1 rows
and to the revious column. For this reason each col-

an algonthm descnbed III [7].

(a)
(b)

umn WI contam + va ues, except or t east
one which will contain only the value on the last row,
i.e. the final error. The algorithm firstly calculates the
~ circular arcs '/i:j optimally approximating thel
polygonal pieces Pi :j with i < j, together with their ap-I

Figure 3. The curves used for the experi­
ments.

6. Conclusions and Future Work

We have introduced a method for segmenting a pla­
nar digital curve into line segments and circular arcs.
It is based on Dynamic Programming and works in a
transformed domain. The method proved to be effec-

proximation error h i, j . The table is then initialized:
the cells on the diagonal are set to zero (approximating
t segments with t arcs provides a null error) while the
cells H (n, 1) of the first column are filled with the cor­
responding values h(l, n) previously evaluated (the first
column refers to the first state of the process, i.e. the ap­
proximation with one arc). The rest of the table is com­
puted by calculating the values on the columns from 2
to M - 1 and, finally, the only value on the M - th
column; in the same time, the obtained breakpoints are
stored in another table b(n, m). As the last task, the lists
of breakpoints and of the circular arcs are constructed.

I 2 3 4 5 6 7
I -----0-
2 h(l,2) 0
3 h(l,3) H(3,2) 0
4 h(l,4) H(4,2) H(4,3) 0
5 h(l,5) H(5.2) H(5,3) H(5,4) 0
6 H(6,2) H(6,3) H(6,4) H(6,5) 0
7 H(7,3) H(7,4) H(7,5) H(7,6)
8 H(8,4) H(8,5) H(8,6)
9 H(9,5) H(9,6)

to H(l0,6)
II ;;111:00.11

pproxlmatlon 0 e curve a.

Figure 2. Example of table for N = 11 and
M=7.

tIve w en teste on severa curves 0 I erent comp ex­
ity. A limitation (common to the other similar meth­
ods) is that the number of approximating arcs M should
be specified beforehand. Our immediate future work isl
to make the method parameterless by defining an algo-I



IFlgure 5. Approximation of the curve b.

Algorithm 1 DP Breakpoint Location
Input: 51, ... , 5N: N segments of the polygonal

P1:N; M, number of circular arcs
Output: B: list of breakpoints; r: list of circular arcs

I*Table inizialization*/1
Ifor v - 2 to N - M do
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/*Table computatlOn*/
for m = 2 to M - 1 do

for n = m to N - M + m do
jmin = argmin [H(j, m - 1) + h(j + 1, n)]

m-1::;j::;n-1

H(n,m) = [H(jmin,m-l) +h(jmin+ l,n)]
b(n, m) = jmin

end for
end for

I*Compilation of the lists B and r*~

B = {}; r = {}; k = N
for m = M downto 2 do

j=b(k,m)
push jon B; push rj+1:k on r
k=j

end for

I*Circular arc list completion*/1
push r1:k on r

return B,r


