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Abstract

In this paper, we present optimal in time algo-
rithms to compute the distance transform, the re-
verse distance transform and the discrete medial
axis on digital objects embedded on n−dimensional
toric spaces.

1. Introduction

In binary images, the distance transformation
(DT) and the geometrical skeleton extraction are
classic tools for shape analysis [4]. The distance
transformation consists in labeling each pixel of an
object with the distance to the closest pixel of its
complement (also called the background). If we con-
sider a set of pixels labeled with a distance, the re-
verse distance transformation problem (RDT) con-
sists in reconstructing the binary shape obtained as
the union of all discs centered in the pixels and with
the distances as radii. If the underlying distance
is the Euclidean one, we can consider the SEDT
(Squared Euclidean Distance Transformation) and
the REDT (Reverse Euclidean Distance Transfor-
mation) see [3] for a survey. The medial axis is a
usual and convenient representation for shape de-
scription or recognition purposes [1]. In the fol-
lowing we focus on the discrete medial axis (DMA)
with Euclidean metric. In the digital space, we have
many efficient algorithms to compute such transfor-
mations [3]. The aim of this paper is to generalize
such techniques to toric spaces which is a widely
used model in the material analysis field [2].The
main idea is to perform measurements on a mate-
rial sample under the hypothesis that the overall
material is composed of a regular tiling of the sam-
ple (see Fig.1-(a, b)). Thus, in order to make the
measurements consistent through tiling, we have
to consider that the sample in embedded in a toric

space. The main contributions are n-dimensional,
error-free and optimal in time algorithms for the
SEDT, REDT and DMA on toric spaces.

2. Discrete Toric Spaces

In this section, we consider notations proposed
in [2]: let Zd (with d ∈ N) denotes the set
{0, 1, . . . , d − 1} and ⊕d be the sum operator on
integers modulo d: a ⊕d b = (a + b) modulo d.
Note that (Zd,⊕d) forms a cyclic group and can
be considered as a 1-D toric space. In dimen-
sion n, given (d1, . . . , dn) ∈ Nn, the direct product
Tn = Zd1 × . . . × Zdn

is an n-dimensional discrete
toric space [2]. On this space, we can define the ⊕
operator as the composition of the dimensional ⊕di

operators. A toric image is a mapping which asso-
ciate a value to each discrete point on a toric space.
We can define several n-dimensional adjacency rela-
tions [2], in the following, we only consider a simple
1−adjacency: two point p, q ∈ Tn are 1−adjacent
iff there is a vector s = (0, . . . , si, . . . , 0) on length n
with si = ±1 such that p⊕ s = q. The 1-adjacency
is equivalent to the 4-connectivity in 2-D and to the
6-connectivity in 3-D. In the following, a discrete
object on a toric space Tn is a set of 1-adjacent
grid points of Tn. Illustrations of a toric space and
a toric object in dimension 2 are provided in Fig. 1.

3. Separable Algorithms for the
SEDT, REDT and DMA

In this section, we first overview the separable al-
gorithms to compute the SEDT, the REDT and the
DMA of a discrete object in the classical Zn grid.
[3]. Let us first consider the SEDT algorithm in the
2D case: given a two-dimensional binary object P
in a d1×d2 image, P̄ denotes the complementary of
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Figure 4. Illustration of the cycle unfolding
for the first step of the SEDT computation.

ond step (Eq. (2)), we us the same principle with
a break index defined as the index of the parabola
with minimum height (obtained in linear time). Fi-
nally, thanks to Lemma 1 and to the separability if
the problem, we obtain a correct SEDT algorithm
on toric space that is linear in the number of grid
points (see Fig. 5). Concerning the REDT and

Figure 5. Overall SEDT computation on a
classic space (top) and on a toric space
(bottom).

the DMA problems, we have the same results us-
ing the parabola index with maximum height as
break index. Finally, we also have optimal in time
algorithms for the REDT and DMA problems in
arbitrary dimension for toric spaces.

To illustrate these algorithms on toric spaces in
dimension 2 and 3, Fig. 6 gives results of the toric
SEDT and DMA in dimension 2 on the input ob-
ject presented in Fig. 1-(d). Note that tiling il-
lustrations allow the reader to make sure that the
toric behaviors of the algorithms are visually cor-
rect. Finally, Fig. 7 presents results in dimension

(a) (b) (c) (d)

Figure 6. (a) SEDT of the toric sample, (b)
tiling of the sample, (c) DMA of the toric
sample, and (d) tiling of the DMA.

3 (SEDT and REDT).
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(d) (e) (f)

Figure 7. Toric SEDT in dimension 3: (a)
input sample, (c) volumetric SEDT trans-
formation computed on the sample and
tiled, (d) represents a slice of the volumet-
ric SEDT. REDT example: (a) an input set
of discs, (b) a toric reconstruction, and (c)
a tiling of the reconstruction.

6. Conclusion

In this paper, we have presented a generaliza-
tion to toric spaces of several tools widely used
in shape analysis: the SEDT, the REDT and the
DMA. More precisely, we have first identified the
core procedure in all the optimal in time algo-
rithms for these problems: the 1-D lower/upper en-
velope computation of a set of parabolas. We have
solved this problem on toric spaces and thus ob-
tained n−dimensional separable, optimal in time,
algorithms for the SEDT, the REDT and the DMA
problems on toric domains.
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