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Abstract—This paper introduces a 3-d representation of vehi-
cles as a space of scale and orientation transformations that define
the shape of individual vehicle instances. This shape space forms
a group, where the similarity of different vehicle observations
can be evaluated using a distance measure defined by Lie group
theory. A generic class of vehicles (e.g. SUV) is represented by
a set of curves on the Lie group manifold, called geodesics. The
classification of any given vehicle instance is achieved by finding
the class with the smallest Lie distance between the geodesics
and the vehicle shape. Vehicle recognition is carried out on 3-
d LIDAR point clouds. The performance of the Lie classifier
is evaluated against two other approaches and found to provide
superior recognition performance, particularly with respect to the
ability to generalize from a small number of labeled prototypes.

I. INTRODUCTION

Lie group theory is the fundamental representation of a
space of transformations. The three central elements of the
Lie group framework are: Lie distance; intrinsic mean; and
principal geodesics. Lie distance is a measure of the similarity
of two transformations. The intrinsic mean represents the
‘average’ of a set of transformations, i.e. the transformation
that minimizes the Lie distance to all the transformations in
the set. A geodesic is a 1-d subspace of transformations that
is the shortest path between two transformations. A principal
geodesic is one that accounts for the maximum variation in the
set of transformations along the path, analogous to principal
component of a covariance matrix.

Fletcher et al. [4] use Lie group theory to measure the
statistics of shapes on a Lie group manifold. They encode
the shape of organs such as the human kidney as a set of
3-d surface elements called a M-rep. The intrinsic variability
in organ shape is represented by curves of minimal distance
(geodesics) on the Lie group manifold. Klassen et al. [7] also
use geodesic paths to span shape spaces and demonstrate their
approach to generate a continuous family of shape prototypes
within a category. Lie distance in transform space is exploited
to cluster objects according to their shape. Tuzel et al. [5]
exploit the linear behavior of Lie group elements in the
tangent plane to the group manifold in order to implement
a mean-shift algorithm for clustering transformations. The
modes correspond to global transformation of objects due to
3-d orientation. [6] use the Lie group framework for building
co-variance descriptors for detecting humans in video scenes.
Extensive work on 3-d vehicle instance recognition in LIDAR
has been carried out by Huber et al [1]. Ferryman et al. [9]
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use appearance model eigen-space representation for vehicle
tracking in videos.

In this paper the Lie group framework is applied to the
recognition of generic 3-d object categories, such as vehicles.
The categories are defined by a set of transformations of
vehicle shape and thus similarity between vehicle instances
can be measured using Lie distance metric. The key contribu-
tions are: 1) A novel hierarchical strategy for generic object
recognition based on the Lie group distance metric; 2) the first
implementation of a complete object recognition system based
on the Lie group framework; 3) an experimental validation
on LIDAR vehicle database of the effectiveness of the Lie
distance metric to measure the similarity of shapes and to
generalize within a shape category.

II. SPOKE MODEL AND LIE GROUP

The vehicle database used in this paper was constructed
from the LIDAR scan of a parking lot area consisting of
vehicles. The parking lot and the sample 3-d vehicle point
clouds extracted from the scan are shown in Figure 1 a. The
sparsity of points in the vehicle clouds can be observed from
the figure which makes it difficult to extract useful informa-
tion, for example, learning the appearanace model mentioned
in [9]. Instead, the vehicle point clouds are fitted with a
shape representation called the spoke model in an automatic
fitting procedure. The spoke models are subsequently used in
a robust classification framework which is presented under the
approach section. The spoke model and example vehicle point
clouds fitted with the spoke model are shown in Figure 1 b.
The spoke model is aligned with the principal axes co-ordinate
frame of the point cloud. Each spoke has two controlling
parameters namely, the 2-d rotation on the plane parallel to
major axis of the vehicle and the radius of the spoke. Let
r;,n; denote the radius and the normal vector of spoke S; in
the spoke model. Let k& denote the number of spokes in the

model.
U,
Let X = ’ U, = <:L’ ) X denotes the
. i
Uy,
configuration of all the spokes. Let Y = T'(X) denote the
configuration obtained by a transformation of X. This can be

written in the matrix form Y = T'X where
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Figure 1 (a) shows the parking lot area consisting of vehicles and the extracted vehicle point clouds from the LIDAR scan.
(b) shows the spoke model vehicle representation and examples of point clouds fitted with spoke model.
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e“ denotes the scale acting on radius r;. R; denotes the
2-d rotation acting on normal vector n;. X and Y represent
the spoke model configurations of two vehicle instances. By
varying T, different vehicle instances can be represented as
transformations of X.

A. Exponential map and log map

A group is defined as a set of elements together with a
binary operation (multiplication) satisfying the closure, asso-
ciative, identity and the inverse axioms. A Lie group G is a
group that is also a differentiable manifold. The tangent space
of group G at the identity e, T, is called the Lie algebra
g. The exponential map exp is a mapping from Lie algebra
elements to Lie group elements. The logarithmic map log takes
group elements onto the tangent plane. The Lie group distance
between two points is defined as d(x1,x2) = || log(z]  22)||
where |.|| is the Frobenius norm of the resulting algebra
element. A detailed treatment on Lie groups can be found
in [8]

B. Intrinsic mean and principal geodesics

The spoke transformation matrix 7" is the Cartesian product
of transformation matrices M; acting on the individual spokes.
Each M; is a Cartesian product ,® x SO(2) which forms a
Lie group. ! Since the Cartesian product of Lie group elements
is a Lie group, T forms a Lie group. The Lie algebra element
of T is obtained by performing component-wise log operation
on each of the M;.

log(Ml) . 0
log(T) = . . . (1)
0 . log(My)
log(M;) = a(é ‘f)w(? ‘01> @

INote that the Lie group , R x SO(2) is isomorphic to C*, the multi-
plicative group of complex numbers. However, the approach presented in this
paper works for any Lie group in general.

Equation (2) expresses the Lie algebra element of an indi-
vidual spoke S; in terms of the generator matrices for scaling
and 2-d rotation.

The intrinsic mean p of a set, .S, of spoke transformation
matrices 11,15, ..., T, is defined as

n
p = argmin Y _ | log(T~'Ty)||
k=1

3)

The generators of the Lie algebra can be used to generate
curves on the Lie group manifold. Consider the following 1-
parameter Lie algebra element of spoke .S;.

1 0 -1
0

0
Avi(t)ztoﬁ< 0 1 >+t9i( 1

«; and 6; are the scaling and the rotation generator coef-
ficients of spoke S;. v; denotes that the Lie algebra element
is defined at a fixed («y,6;), which represents the tangent to
a geodesic curve, parameterized by t. The 1-parameter Lie
algebra element of the spoke model is then given by

“)

Ay, (t) . 0
A,(t) = . . . 5)
0 LA (1)

v denotes that the Lie algebra element is defined at a fixed
(v1, v, ...,v,), Which represents the tangent to a geodesic
curve, parameterized by t.

The parameter ¢ in equation 5 sweeps out a l-parameter
sub-group, H,(t) of the Lie group G of spoke transformations.
By choosing different v, curves corresponding to different 1-
parameter sub-groups can be traced on the group manifold.
For any g € G, the distance between g and H,(t) is defined
as

d(g,H,) = min d(g,exp[ A,(t) ]),t € R (6)

d is the Lie group distance between group elements. The
concept of projection onto the 1-parameter sub-group can be
defined as follows. First find,

t* = argmin d(g,exp[ A,(t) ]),t € R )



then exp[ A,(t*) | is the projection of g onto H,.

Analogous to the principal components of a vector space,
there exist 1-parameter subgroups called the principal geodesic
curves [4] which explain the variability of the data points
lying on the manifold. Suppose that g1, g2, ..., gm € G, then
the first principal geodesic is defined as H,~, where

v* = argmin2d2(u_1gi,Hv)7v € R 8)

i=1

Once v* is determined, the projection of p~'g; on H,-
is computed. Each projection is denoted by p,. Each of
the quantities p~'g; are multiplied by p; ! and are used
in equation (8) to determine v* corresponding to the next
principal geodesic, and so on.

III. APPROACH

The input to the Lie group based classifier is a small set of
labeled samples Y} from each vehicle category,C;. ny denotes
the number of training samples in a category. The intrinsic
mean f; and the principal geodesics H,~ are computed for
each vehicle category,C; using the samples, ij €Y;, 1<
m < ny

Once the intrinsic mean and geodesics are available for each
C}, recognition of an unlabeled sample x, can be carried out
by finding the category with the closest intrinsic mean to z.
The closest category is found by,

Jj* = argmin || log(uglx)H,j €1,2,...,.N 9)

N is the number of categories.

Thus, recognition can be based solely on the intrinsic mean
of a category. However, it can be expected that there will
be significant variation in shape over a category and so the
intrinsic mean 15, will not in general be an effective basis for
classification. Instead a hierarchical procedure is carried out,
where some number of categories whose means are closest to
x are chosen for further analysis using the geodesics of each
candidate category, C)

The first step is to remove the intrinsic mean from the sam-
ple. Define x(; = u;lx which denotes the residual obtained
by removing the intrinsic mean of category C; from x. Next,
x? is projected onto the first principal geodesic of C;. Let pjl-
denote the projection of :1:9 on the first principal geodesic of
Cj. (Av)} denotes the 1-parameter Lie algebra element which
corresponds to the first principal geodesic of C;. It should be
noted that

p; = expl (A,)j(t]) ]
t] = argmin d(;v?,exp[ (Av);(t) D,iteRr

(10)
Y
The Lie group distance between the residual :c? and the

projection p} is denoted as d}. xf denotes the residual obtained
removin e projection of 2~ onto the rincipa
by g the project f§1 to the k' principal

geodesic of category C; namely, pf from x?_l.

g = a2
pi = expl (Ay)f(tre) ] (13)
ty = argmin d(x§’17exp[ (Av)?(t) ) (14)

(Ay)} denotes the 1-parameter Lie algebra element of nth
principal geodesic of Cj. dj denotes the Lie group distance
between x?il and p7,

m __ n\—1,n—1
dj = |log[ (pj) ™z} || (15)

The vector of distances, d?, can be calculated by finding
the Lie distance between the residuals and the projections
of the residuals on the principal geodesics and updating the
residuals by multiplying with the inverse of the projections in
an iterative manner.

Removing the intrinsic mean from the sample and suc-
cessively projecting the residual onto the principal geodesics
brings the residue close to the identity spoke configuration.
The identity configuration is one in which all the spokes
collapse onto a single spoke having a unit radius. For an
unknown sample, successive projections onto the correct cate-
gory geodesics brings the sample closer to identity compared
to projections on the other categories.

It should be the case that for the true category, j7* , of
sample there will be an n such that dj. is smaller than the
distance for any other category. The set of feasible categories
is successively reduced by a hierarchical examination of
principal geodesics for the candidate categories at each stage
which is summarized below.

Algorithm

Given N categories, C;

1) Find the distances to the intrinsic mean of each category.
d = | log(/L;lx)||, jel,2,.,N

2) Select the mo < N categories, C';, which are the cate-
gories corresponding to the first mg values of distances
d? sorted in ascending order.

3) For each j;, compute the distances d]l-1 and reduce
the number of candidates to m; < mg selecting the
categories corresponding to the first m; values of d}l
sorted in ascending order.

4) Repeat step 3 for additional geodesics until there is a
unique remaining category.

The choice of the number of feasible candidates remaining
at each stage, m;, is a tradeoff of computation and recognition
accuracy. For the unlabeled instances lying close to intrinsic
mean of a category, the Lie distance from the intrinsic mean
is sufficient for correct classification. By eliminating the
categories hierarchically, it is made sure that close ambiguities
are always resolved at a very fine level.

IV. EXPERIMENTS AND RESULTS

In this section, the vehicle classification results obtained
on the LIDAR vehicle dataset are presented. To compare the
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Figure 2 (a) shows the average ROC curves obtained on the 3-d LIDAR vehicle dataset using Lie group based classifier, shock
graph based classifier and the spherical harmonic based classifier with the training sample set size varying as T = 5,10,15. (b)

shows the worst-case ROC curves.

performance of Lie group based vehicle classifier with existing
shape matching approaches, shock graphs [3] and rotation
invariant spherical harmonics [2] are used to classify the
same data set. The classification strategy for shock graphs and
spherical harmonics based classifiers is to match the query
vehicle instance to training samples of various categories and
assign the class label corresponding to the sample with closest
distance.

The vehicle database consists of 226 cars, 156 SUVs and
88 trucks. An initial set of T =5 training samples from each
category is used to do the classification of the database. To
account for the variability in selecting the training samples,
R = 100 sets of randomly drawn samples for each category
are used as prototypes for vehicle classification. The rationale
behind this experimental design is to eliminate the effect of
poorly chosen training prototypes on recognition performance.
The experiment was repeated for T = 10, 15 training samples
and R = 100 sets of randomly drawn T samples. ROC curves
are computed based on classification results averaged over the
R sets of classification results as well as the worst set out of
R sets and are shown respectively in figure 2 a and figure 2
b.

The Lie group classifier exhibits superior performance in
all cases. Of particular interest is the demonstrated ability to
generalize from worst-case training prototypes.

V. CONCLUSIONS AND FUTURE WORK

A novel hierarchical vehicle classification framework based
on Lie group distance has been demonstrated. The validity of

the approach is established by superior classification results
obtained on a dataset of 3-d vehicle point clouds.

The proposed framework can be extended to account for
occlusion by treating occlusion as a projection onto a sub-
manifold of reduced dimension, accounting for missing parts
of the shape.
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