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Abstract

The Discrete Pulse Transform (DPT), a well known
method for the analysis of signals, was recently ex-
tended to images. Here we propose an efficient algo-
rithm generating DPT on a given image and discuss
some applications. These include detecting objects of
interest in a scene and identifying textures by granulo-
metric curves.

1. Introduction

The Discrete Pulse Transform (DPT) is known as
a design method for Multi-Resolution Analysis of se-
quences [4], [3], where the multi-scale approximation
of sequences is provided by the nested sets of locally n-
monotone sequences. DPT is implemented via iterative
application of the so called LULU operators. Following
a generalization of the LULU operators to multidimen-
sional arrays, that is, functions on Zd, d ∈ N, DPT was
recently defined for images (d = 2), [1]. Central to this
development is the morphological concept of connec-
tion, [7, 8] defining the connected sets on Z2. A dis-
crete pulse is then a function φ : Z2 → R which is zero
everywhere except on a connected set V , where it has a
constant nonzero value. The set V is called support of
the pulse and is denoted by supp(φ). A grayscale im-
age can be identified with a real function f on Z2 with
finite support. A DPT of an image f is obtained in [1]
in the form

DPT (f) = (D1(f), D2(f), ..., DN (f)), (1)

whereN is the number of pixels in the image,Dn(f) =
γ(n)∑
s=1

φns, the functions φns, n = 1, ..., γ(n), being dis-

crete pulses with support of size n, n = 1, ..., N . The
DPT representation (1) of f is obtained via iterative
application of the two dimensional analogues of the

LULU operators. For a given f ∈ A(Z2) and n ∈ N
we have

Ln(f)(x) = max
V ∈Nn(x)

min
y∈V

f(y), x ∈ Z2, (2)

Un(f)(x) = min
V ∈Nn(x)

max
y∈V

f(y), x ∈ Z2, (3)

where Nn(p) denotes the set of all connected sets of
size n+ 1 which contain p. Then the components of (1)
are obtained through

D1(f) = (id− P1)(f) (4)
Dn(f) = (id− Pn) ◦Qn−1(f), n = 2, ..., N, (5)

where Pn = Ln ◦ Un or Pn = Un ◦ Ln and Qn =
Pn ◦ ... ◦ P1, n ∈ N. Via (1) a function f is represented
in the form

f =
N∑
n=1

Dn(f) =
N∑
n=1

γ(n)∑
s=1

φns, (6)

where supp(φns) = n and the supports of the pulses
are either disjoint or nested, that is, for n1 ≤ n2,

either supp(φn1s1) ∩ supp(φn2s2) 6= ∅
or supp(φn1s1) ⊆ supp(φn2s2). (7)

Discrete pulse transforms can be obtained in many dif-
ferent ways. The distinctive property of the transform
(1) is that it preserves the total variation of the function
in the sense that

TV (f) =
n∑
n=1

TV (Dn(f)) =
N∑
n=1

γ(n)∑
s=1

TV (φns), (8)

where the total variation of a function f ∈ A(Z2) is
given by

TV (f)=
∑
i,j

(|f(i,j)−f(i+1,j)|+|f(i,j)−f(i,j+1)|) .

Since the total variation of the luminosity function of
an image is an important measure of the information on
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grad(x) =
∑

n∈{1,...,N}

∑
s ∈ {1, ..., γ(n)}

x ∈ adj(supp(φns))

||φns||,

since it has the property that the total variation of the
image on a set V is exactly equal to the sum of the val-
ues of the gradient at the pixels of V . However, for this
application any morphological gradient will give a sim-
ilar answer. From the DPT of the gradient we select the
down pulses with lowest luminosity of the gradient on
their support. The gradient (in inverse scale) and the
selected pulses are given on Figure 1(d).

DPT can also be considered as a granulometry or size
distribution, see e.g. [9, Section 4.6]. Hence construct-

ing a suitable granulometric curve may be useful for
problems that can be addressed by granulometric analy-
sis. In view of (8), the total variation has a natural asso-
ciation with the granulometry (1). Hence, we consider
the granulometric curve given by the total variation ver-
sus the pulse size. More precisely, by further separating
the pulses into positive (up pulses) and negative (down
pulses), we define the function Φ as follows: Φ(0) = 0
and

Φ(k) =
k∑

n=1

γ(n)∑
s=1

TV (φ+
ns), k = 1, ..., N,

Φ(−k) = −
k∑

n=1

γ(n)∑
s=1

TV (φ−ns), k = 1, ..., N,

where φ+ = max{φ, 0} and φ− = min{φ, 0}. Since
TV (f) = Φ(N) − Φ(−N) the function Φ can be con-
sidered as a kind of cumulative distribution of the total
variation of the image over the pulses classified accord-
ing to size and sign. An example with the granulometric
curves of several textures is given in Figure 3.
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