Dunn’s Cluster Validity Index as a Contrast Measure of VAT Images
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Abstract

This paper addresses the relationship between the
Visual Assessment of cluster Tendency (VAT) algorithm
and Dunn’s cluster validity index. We present an an-
alytical comparison in conjunction with numerical ex-
amples to demonstrate that the effectiveness of VAT in
showing cluster tendency is directly related to Dunn’s
index. This analysis is important to understanding the
underlying theory of VAT and VAT-based algorithms
and, more generally, other algorithms that are based
on, or similar to, Prim’s Algorithm.

1. Introduction

Consider a set of n objects O = {oy, ..., 0, }, which
might be pixels in an image, expressed genes in a mi-
croarray experiment, bass guitars, etcetera. The objects
in O can sometimes be represented with numerical re-
lational data, which consists of n? values that represent
the similarity (or dissimilarity) between pairs of objects.
These data are commonly represented by a relational
matrix R = [r;; = relation(o;,0,)[1 <4,j <n]. We
represent relational data by the dissimilarity matrix D,
where, for example, any numerical object data X can be
converted to D by d;; = ||&; — &;|| (any vector norm
on RP). There are also dissimilarity data sets that do are
not derived from object data sets.

A wide array of algorithms exists for clustering un-
labeled object data O [2, 4, 7, 9]. Crisp partitions of the
unlabeled data are non-intersecting subsets of O such
that the union of the subsets cover O. A crisp c-partition
of O can be represented by a set of cn values {u;, } that
can be arrayed as a ¢ x n matrix U = [u;;]. The set of
all non-degenerate (no zero rows) c-partition matrices
for the object set O is:

My, = {U e RC"‘UH@ S {07 1}Vi, k; (1)
21—1%}“ = 1Vk; Zk:luik > 0Vi},
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where u;y, is the membership of object k in cluster : —
the partition element u;;, = 1 if oy is labeled ¢ and is
0 otherwise. In this paper, we focus on a special sub-
set of My, viz. aligned c-partitions of O. Section 3
discusses aligned partitions in detail.

Three pertinent questions when clustering data are:
(i) tendency—how many clusters?; (ii) partitioning—
which objects belong to which cluster?; and (iii)
validity—are the partitions “good”? The Visual Assess-
ment of cluster Tendency (VAT) algorithm addresses the
tendency question by creating an image of a reordered
D that, in the right circumstances, suggests the num-
ber of clusters ¢ by the number of dark blocks along the
diagonal [1, 8]. Section 2 discusses VAT in detail.

Hierarchical clustering has been extensively stud-
ied and is a process by which clusters are formed by
joining or dividing clusters to form new clusters. The
three most popular methods to determine which clus-
ters should be joined (or divided) are: (i) single linkage,
(i) complete linkage, and (iii) average linkage. In this
paper, we focus on single linkage (SL). For a thorough
description of hierarchical clustering, see reference [9].

Cluster validity methods provide feedback on
whether the results of partitioning are acceptable. Ad-
ditionally, cluster validity measures can be used in
conjunction with partitioning algorithms to choose the
“best” partition result. We focus on Dunn’s cluster va-
lidity index [3], which is directly related to SL cluster-
ing. Section 4 outlines Dunn’s index.

We proved in [5] that in the case of unique relational
data (i.e. all the off-diagonal upper-triangular elements
of D are unique) that SL clusters are always aligned
partitions of the VAT-reordered objects. Simply put, ¢
SL clusters are arranged as ¢ contiguous blocks of data
in the VAT-reordered D, for 1 < ¢ < n. However, we
observed that ¢ SL clusters do not always appear as c
separate dark blocks in the VAT image, even in cases
where the “preferred” partition is found by SL. Figure
1 shows an example where [SL clustering + Dunn’s in-









20

40

Y-coord.

P AT 60

80

[ S R 100
X-coord. 20 40 60 80 100

(a) Dunn’s Index = 0.39
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(b) Dunn’s Index = 0.66

50

25 20
°

4 40
Q 0fcwenen

Q

> 60

=25
80

“0 en e s mes e

=50
-20-15-10 -5 0 5 10 15 20 100
X-coord. 20 40 60 80 100

(c) Dunn’s Index = 1.06

Figure 3: Three examples of object data (left) and corre-
sponding VAT image (right) to show that Dunn’s Index
is a “blockiness” measure of VAT image

The three dark blocks in Fig. 1(d) represent the
grouping of the objects according to the 3-partition
shown in Fig. 1(c). The three dark blocks show the el-
ements of D* within the clusters and the white regions
show the elements of D* between the clusters. Hence,
the denominator of Eq.(4) is the maximum element in
D* within the three dark blocks. Similarly, the numera-
tor of Eq.(4) is the minimum element in D* in the white
regions between the three dark blocks. The value of
Dunn’s index for the 3-partition shown in Fig. 1(c) is
0.12 and VAT fails to show (¢ = 3).

Figure 3 shows the VAT image for the same type of
example shown in Fig. 1(a); each view shows the three
lines moved progressively farther apart. Figures 3(a,b)
shows cases where the SL 3-partition produces a Dunn’s
index < 1 — which is s#ill the maximum possible value
over all U € My,,. Figure 3(c) illustrates the case
where Dunn’s index > 1; hence, the elements of D*

within the three dark blocks are strictly greater than the
background elements of D*. We argue that the VAT
image in Fig. 3(c) is the only image that undoubtedly
suggests three clusters. This example gives empirical
evidence to support Proposition 1 and the Remark.

6. Conclusions and Future Work

Our analysis and the example shown in Fig. 3
demonstrate that the effectiveness of VAT in showing
cluster tendency is tied directly to Dunn’s index. Dunn’s
index provides a measure of contrast between the blocks
on the VAT image diagonal and the background regions.
Although the examples shown are for one artificial data
set, Proposition 1 proves that this result is true for all
data sets. Proposition 1 also provides a fast and ele-
gant way to implement Dunn’s index in computer sci-
ence applications, such as MATLAB, or on a Graphics
Processing Unit (GPU). Additionally, our analysis pro-
vides an elegant solution for the empty-cluster case.

There are many unanswered questions that are be-
yond the scope of this paper: (i) What if more than one
U € My, produces a Dunn’s index > 1? In such
cases, which U will VAT show the cluster tendency?
(i) The VAT image is meant to be interpreted by a hu-
man; hence, how does human perception of the “blocki-
ness” relate to our analysis? (iii) How does our analysis
apply to VAT-based algorithms such as CLODD [4] and
Visual Cluster Validity [6]?
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