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Abstract

In this paper, we demonstrate the use of learning
with non-uniform error-cost as a novel technique to de-
sign a multiclass cost-sensitive classifier. We investigate
two important aspects of the design. First, we show that
the learning is effective enough for active control of the
multiclass confusion matrix using the cost-matrix. Sec-
ond, we study the cases when the classifiers have mild
model mismatch problems, and conclude that our de-
sign still have better performance compared to the con-
ventional cost-sensitive classifier design.

1 Introduction

A straightforward way to convert an error-rate based
classifier to a cost-sensitive classifier is to simply apply
additional expected-cost criteria. Because this criteria
only need to be applied during classification, it uses the
same error-based classifier even when the cost changes
[3, 1]. The underlying assumption of this criteria is that
the error-rate based classifier provides well-tuned a pos-
teriori probability for each class. In practice, the well-
tuned a posteriori probability cannot be obtained easily
due to the lack of the knowledge of the true distribution
function. Furthermore, there are usually limited num-
bers of observations available to estimate the parame-
ters of the distribution function chosen to represent the
classifier design.

A non-uniform error-cost criteria has been proposed
in our earlier work as a novel learning algorithm to ob-
tain a cost-sensitive classifier for an arbitrary cost ma-
trix [2]. The main characteristic of the learning algo-
rithm is that it offers a framework to combine the cost-
sensitive decision rule and the classifier performance
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th at e system performance can be evaluated and op-

timized. In the earlier development, we conclude that
the non-uniform error-cost learning is effective in mini-
mizing design cost according to system requirements.
This paper investigates further two important aspects
of the non-uniform error-cost. First, it studies a typ-
ical behavior of the cost learning in term of the mul-
ticlass confusion matrix. Second, it demonstrates that
even if the classifier models have mild model mismatch
with respect to the true class distribution, the algorithm
still provides a smaller cost than the conventional cost-
sensitive classifier.

This paper is organized as follows: Section 2 reviews
the foundation of non-uniform error-criteria learning.
Section 3 explains the development of the non-uniform
error-cost criteria learning. The application of the learn-
ing criteria to obtain cost-sensitive Gaussian Mixture
Model (GMM) is presented in Section 4. Experiments
on the artificial datasets are provided in the Section 5.

2 Optimal Decision for Non-uniform Er-
ror Cost

Here, we introduce the foundation of the non-
uniform error-cost criteria: i.e., the Bayes decision the-
ory. Consider a classification task into M classes (e.g.,
the task of recognizing handwritten digit with A/=10).
An unknown pattern denoted by X is observed and clas-
sified into one of the M classes. Thus, the classifier
is a function C' that maps X into a class identity C;,
where i € Iy = {i,i = ,M}. We denote
this function as a decision function C'(X). Associated
with each decision is a cost, which can be expressed as
an entry €;; in an M x M matrix, where 7,5 € Iy;.
The entry ¢;; indicates the cost of classifying a pattern
from the ;' class as one of the i*" class. Suppose at
our disposal, we have the knowledge of the a poste-
riori probabilities P(C;|X), Vi € Ip;. According to
Bayes’ decision theory, given X, the conditional cost
of making a decision C(X) = C; can be defined as



R(Cy|X) = Zj\il €;;P(C;]X) and the system perfor-
mance in term of the expected loss is defined as

£ = B{R(C(X)|X)} = / R(C(X)|X)p(X)dX. (1)

Error-based classifier uses 0-1 error cost (0 for correct
and 1 for incorrect decision), but in non-uniform/cost-
sensitive learning the error cost is zero for correct deci-
sion and positive-cost for incorrect decision. We can in-
stitute the decision rule with the non-uniform error cost
function as

C(X) = argmin R(C;|X) 2)

Traditional decision rule with 0-1 error cost is defined
as C(X) = argmin; R(C;|X) = argmax; P(C;|X),
and it is the well-known maximum a posteriori (MAP)
decision rule.

3 Non-Uniform Error-Cost Criteria

The non-uniform error-cost criteria is a novel ob-
jective function, which encapsulates both the mini-
mum cost decision rule and system performance. Thus,
throughout the development of the criteria, attention has
to be focus on the decision rule and the system perfor-
mance. Let g;(X;A) > 0 be a discriminant fuction for
the i*" class, i = 1,2, --- , M where A is the parameter
set that defines the functions. The classification deci-
sion is reached according to:

C(X) = argmax g;(X; A). 3)

That is the classifier choose the class that leads to the
largest value among all discriminants evaluated on X.
If the true a posteriori probability is available, then a
monotonically decreasing function of the conditional
risk would be appropriate. For example,

9i(X;A) = exp{—R(Ci|X)} =exp{— > e P(C;|X)} (4
J€Inm

To accumulate the error cost of each sample into the
objective function, the expected system loss needs to be
expressed in term of the empirical loss with the decision
rule embedded in it. For clarity, let i, = C'(X) be the
identity index as decided by the classifier and j, be the
true identity of X and a set of training samples 2 =
{X(MN_ " The cost incurred by a single sample is
defined as:

Lix (X; A) = Cixjx 5)

Therefore, if the empirical system loss is defined over
the realized sample-based costs, an alternative non-
uniform cost can be defined as follows:

1
L=+ D e — /Eimjmp(X)dX (©)
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Suppose each class is prescribed as discriminant func-
tion g;(X;A) Vj, then the decision rule is defined as
follows:

C(X):iX:argm]?ng(X;A) @)

The empirical system loss of (6) based on the set of
training samples €2 becomes:

L:% Z Z Z e {jx =7J}
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The definition above uses two indicator functions. The
indicator function 1 is to indicate membership of an el-
ement in a set, i.e. it assumes the value of 1 if the
argument is true and zero otherwise. The first func-
tion indicates observation X belong to class C, i.e.
{j. = j} = I{X € C;}. The second function
1{i = argmaxy gr(X;A)} denotes the decision rule
7).
( )The remaining challenge is to turn the objective
function L in (8) into a smooth function suitable for op-
timization. Consider L = > L; where each L; is
defined as follows:
L;= = DY esllx €y
N zeQiclyy
1{i = argmax g (X; A)} ©

JE€EIM

That is L; is the empirical error cost collected over
samples in 2 with jx = j. This approximation needs
to be made to the summands. This can be accomplished
by:

L 9i(X5A)

Z €i;1{i = argmax g, (X; A)} = Z €ij GX: )

i€l ie€lpyy
where G(X; A) = [Y,c,. 97 (X; A)]*/7. Note that as
the design parameter  — oo:

gi(X5A) [ 1, ifG(X;A) = maxg gr(X;A)
G(X;A) ~ 1 0, otherwise

(10)
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Finally, the smoothed empirical error-cost is as follows:

oL ~gi(X5A) _
L= > (Z eUG(X;A))l[XEC]] (12)

XeQgely \i€lm

4 Application in Mixture Model Learning

In this section, we set the discriminant function g; for
class C; in term of a Gaussian mixture model (GMM)
with diagonal covariance matrix as defined as follows:

K
gi = gi(X;A) = exp ( Z eijbjP(Cj)) (13)
j=1



01 1 107.1 143 0.7 103.5 16.7 1.1 1047 152 1.1
1 0 1 1 95 1047 115 02 11.3 978 11.0 03 111 982 98 04
11 0 1 07 87 987 7.9 1.8 130 1007 17.9 12 142 1021 171
111 0 106 03 171 1114 115 04 152 100.4 110 04 150 101.0

(a) cost matrix (b) true model (c) baseline (d) cost-optimized

Table 1. Confusion matrices of true (b), baseline (c) and cost-optimized (d) models based on
cost matrix (a) for cost-insensitive classification.

01 1 100.5 142 0.1 97.3 164 0.5 98.6 153 0.6
10 1 1 9.5 1047 115 03 1.3 978 110 03 108 980 9.9 03
110 1 08 86 988 7.9 20 130 1008 182 18 139 1023 184
111 0 171 04 174 1161 174 07 156 1041 167 0.6 150 1044

(a) cost matrix (b) true model (c) baseline (d) cost-optimized

Table 2. Confusion matrices of true (b), baseline (c) and cost-optimized (d) models based on
cost matrix (a)for cost-sensitive classification.

where b; = p(X|Cy) = S0, exN(X; g, 02) is the .

likelihood function and P(C}) is the prior probability o . L o oass i

of class j. Thus, the parameter sets A = {uy, o3, cx }- : . class 3
The notations used are as follows: j is the index of 4r e

the class identity, k£ denotes the mixture number and [ 2t

indicates the dimension starting from 1 to D. For clar- o

ity purpose, P(C;), g;(X;A) and G(X; A) are written

into P;, g; and G respectively. First, to help the con- 2f

vergence of the learning process, parameter transforma- -4t

tion is applied to the mean i;; to obtain fijx;, where, i

i — Mkl : ~ .

ikt = oo The learning process for the mean fi;z; . ‘ ‘ ‘ ‘

vector is as follows: -5 0 5 10

¢ OLi

Rir(t+1) = fjm(t) —€ 5 (14)
Mkl Figure 1. Scatter plot of the true model

where €’ is the learning step during ¢ iteration, and the

gradient is defined as 8?1%21 = ‘?95? ggf Bili];; l gg”}: The
gradient can be computed from (15) and (16) represent the system decisions, and the columns repre-
oL P M (e + 108(98)) g sent the true observation labels. Ideally, the values of
% noo_ T { < k=1 "% (’;" ) off-diagonal entries are zeros which means none of the
m 27,:1 b'r‘P’r . . .
My ) samples have been misclassified. This row and column
N <Ln > e (€km + log(gr)) gy ) } (15) convention is the same as that used in the cost matrix.
Gn . . .
We have used multi-class multi-dimensional ran-
b, b2 1 & (= g\ 2 dom observations in our experiments. We generated 4
O = ck(2m) &P T3 > ( ikl ) classes of 2-dimensional data with 128 samples for each
=1 . .
b class and a total of 512 samples for training and testing
(xl — “J’kl) o (16) sets. Each class has the same number of mixture but
Tkl 1 with different class prior. The scatter plot for the classes
The new i1 is obtained from i = fijpi0j0 af- is shown in Figure 1. All of those mixtures have differ-

terwards. Learning for the variance and weight vectors
follow the same procedure.

5 Experiment

We make use of the multiclass confusion matrix to
evaluate our system. The rows of the confusion matrix

ent covariance matrices and different mixture weight.
This is what we referred to as the true models. The con-
ventional models or the baseline models are based on
maximum likelihood density estimations. Then addi-
tional expected error criteria are applied to the estima-
tion to obtain conventional cost-sensitive classifier.

We started the experiments with the standard 0-1 cost



3 mixtures 4 mixtures
column 1 row 4 entry cost 2 cost 4 cost 8 cost 2 cost 4 cost 8
true models 3.60(1.83) 1.03(0.89) 0.30(0.53) | 3.60(1.83) 1.03(0.89) 0.30(0.53)
baseline models 5.30(3.36) 2.80(2,44) 1.73(1.95) | 6.20(3.31) 3.13(2.43) 1.60(1.75)
cost-optimized models | 4.70(3.04) 2.37(2.27) 1.37(1.87) | 5.63(2.90) 2.53(1.68) 1.27(1.36)

Table 3. The mean (standard deviation) of row 1 and column 4 of the multiclass confusion
matrix across true models, baseline models and cost-optimized models.

matrices and Table 1 list the cost matrix and the confu-
sion matrices of the non cost-sensitive (cost-insensitive)
classification. Then, we arbitrary choose to minimize
the misclassification of true class 4 as class 1 (the value
on row 1, column 4 of the cost matrix). Specifically, the
value of 2, 4 and 8 were used as the cost of misclassifi-
cation. For each cost value, we collect the statistics on
the confusion matrix based on 30 trials. Table 2 shows
the performance result when the misclassification cost
is equal to 2. The cost matrix is shown in Table 2(a) and
the confusion matrix results of the true, baseline and
cost-optimized models are shown in Table 2(b), 2(c) and
2(d) respectively. Notice that the cost-optimized models
are closer to the ground truth (the true models) than the
baseline models (i.e., true[1,4] < cost-optimized[1,4] <
baseline[1,4]). The main reason is that the proposed
technique uses the cost matrix to optimize the classifier
models. However, the baseline models are only based
on the conventional density estimation and the classi-
fier models are not optimized for the cost matrix.

The entry in row 1 column 4 is the only difference
between the cost matrices used to obtained the result
in Table 1 and Table 2. Comparing these two tables,
we can observed the impact of the cost matrices on the
confusion matrices. The misclassifications from class 4
into class 1 decrease if we compare between the corre-
sponding models in those two tables. The reason is that
all models use the same additional expected error crite-
ria in their decision rule. It is also important to notice
that the row 1 column 4 entry of the baseline models is
lower than the cost-optimized models in Table 1. How-
ever, the baseline models has higher error rate compared
to cost-optimized models because the minimization of
error-cost with 0-1 cost matrix is equivalent to the min-
imization of the error-rate.

We expect that as the cost value increases, the
misclassification between two classes would decrease.
Therefore, we experimented further with the cost val-
ues of 4 and 8. We also expect that either the wrong
or the correct number of mixture were used, the cost-
optimized models still perform better than the baseline
models. We compared model match with 3 mixtures
and model mismatch with 4 mixtures. Table 3 shows

the results of the misclassification (class 4 as class 1)
over 30 trials. The results show the average number of
misclassification decrease for all techniques as the cost
value increases from 2 to 8 since fewer samples are cat-
egorized into class 1. As expected, the cost-optimized
models in general perform better than the baseline mod-
els even with the wrong number of mixture.

It is important to notice that we chose the entry of
row 1 and column 4 arbitrary as a proof of concept that
non-uniform cost learning is capable of active control
of a confusion matrix using the cost matrix. Indeed, the
non-uniform error learning is general enough to be used
with any valid cost matrix.

6 Conclusions

Converting an error-rate based classifier to a cost-
sensitive classifier involves more steps than simply the
application of expected cost criteria during the clas-
sification process because the well-tuned a posteriori
probability is hard to obtain. A novel machine learn-
ing technique based on non-uniform cost-criteria has
been introduced to obtain a better cost-sensitive clas-
sifier in term of expected error-cost. Moreover, the re-
sulting cost-sensitive classifier can have active control
of inter-class confusion. Our experimental results have
confirmed this for both model match and a mild model
mismatch cases.
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