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Abstract

In the solution path algorithm of support vector re-
gression, the penalty for violation of the required error
is considered equally for every training sample, which
means every training sample affects the generalization
ability equally. Considering the existing of abnormal
samples among the training data, for example noises
with different variances, the weighted solution path al-
gorithm of support vector regression is proposed. To re-
duce the negative effect of abnormal samples, different
weighting coefficients are set on the error penalty pa-
rameter of corresponding samples. The whole solution
path can be adjusted correspondingly. So the effects of
abnormal samples on regression model have been re-
duced by setting lower coefficient. Experiments demon-
strate that accuracy of prediction and the generalization
of regression model can be improved.

1. Introduction

In ε–SVR, the ε-insensitive loss function

|y − f(x)|ε = max{0, |y − f(x)| − ε}
is used as an empirical risk functional[1]. The primal
optimization problem for ε–SVR can be stated as fol-
lows:

min =
λ

2
‖w‖2 +

n∑
i=1

(ξi + ξ∗i )

s.t. yi − (w · φ(xi) + w0) ≤ ε + ξi (1)

(w · φ(xi) + w0) − yi ≤ ε + ξ∗i
ξi, ξ

∗
i ≥ 0, i = 1, 2, · · · , l

The λ > 0 is error penalty parameter that controls
the degree of regularization and punishes the samples

which violate the ε–tube and incur loss. The ε ≥ 0 and
λ have to be chosen a priori in advance by the users[1].
In practice, users often use the method of grid-search
to determine the most optimal parameters, which re-
quires re-training the model many times under different
parameter settings.

More recently, the solution path algorithm has
emerged that seeks to explore the entire solution path
for all parameter values without having to re-train
the model multiple times.The property of this algo-
rithm is: any model with an L1 regularization and
a quadratic, piecewise quadratic, piecewise linear, or
linear loss function has a piecewise linear coefficient
path[2]. Based on this property, Zhu et al.[3] proposed
an algorithm to compute the entire regularization path
for the L1-norm SVC and Hastie et al.[4] proposed one
for the standard L2-norm SVC. Gunter and Zhu[5] de-
rived the entire solution path algorithm for ε–SVR with
respect to λ with fixed ε. Wang et al.[6] proved that the
solution path for ε–SVR is also piecewise linear with
respect to ε and proposed one algorithm named ε–path.

However, the solution path algorithm has not good
performance if there exist abnormal samples in training
data. The abnormal data are often caused by noise in
practice. The hypothesis of constructing primal prob-
lem is that samples follow the same distribution, that is,
error of samples has the same variance independently.
The same λ and ε for every sample mean the same
demand of model precision and error penalty to every
sample. In fact, there often exists heterogeneity of vari-
ance in practical applications. If we treat impartially to
various samples, the regression model often could not
have good prediction performance.

As pointed in [7, 8], weighting on regularization pa-
rameter λ can improve the prediction performance more
greatly than ε. The ε–path algorithm explores the corre-
spondence between every ε value and the corresponding
solution α

(∗)
i (ε) for a fixed λ. So, we can get the bet-
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ter regression model easily by weighting λi rather than
εi of the corresponding abnormal sample xi in ε–path
algorithm.

2. ε–Path algorithm

Applying the method of Lagrange multipliers to (1),
the regression function can be obtained as:

f(x) =
1
λ

n∑
i=1

(αi − α∗
i )K(xi,x) + w0 (2)

From the Karush-Kuhn-Tucker(KKT) conditions,
there is only a subset of data points for which either αi

or α∗
i are nonzero. These points are referred to as sup-

port vectors. According to the value of αi and α∗
i ,the

whole set of data points could be partitioned into five
subsets[6]:

R = {i : yi − f(xi) > ε, αi = 1, α∗
i = 0}

ER = {i : yi − f(xi) = ε, αi ∈ [0, 1], α∗
i = 0}

EC = {i : |yi − f(xi)| < ε, αi = 0, α∗
i = 0} (3)

EL = {i : yi − f(xi) = −ε, αi = 0, α∗
i ∈ [0, 1]}

L = {i : yi − f(xi) < −ε, αi = 0, α∗
i = 1}

The algorithm starts from a big ε and decreases it
gradually, which will shrink the ε–tube. Some events
may occur during this process. An event is said to occur
when a point enters or leaves an elbow, i.e. in ER ∪
EL,causing some point sets to change. For the points
inside or outside the tube, i.e. in R∪C∪L, their αi and
α∗

i values remain fixed until an event occurs. As a point
passes through ER or EL,its αi or α∗

i value will change
from 0 to 1 or from 1 to 0. Hence, the algorithm only
needs to focus on the points at the elbow, and monitor
the change of αi and α∗

i to fix the breakpoints in the
path.[6]

As argued above, the path between two breakpoints
can be computed easily. Let α

(∗)
i ,αl

0 and λl denote the
parameter values right after the lth event has occurred
and f l(x) is the regression function at this point. For
εl+1 < ε < εl, the algorithm only need to think of those
points i ∈ ER ∪ EL whose α

(∗)
i values change with λ,

not fixing at 0 or 1 any more. The final linear equations
are[6]:

α0 = αl
0 + λ(εl − ε)c0

αi = αl
i + λ(εl − ε)ci, ∀i ∈ El

R (4)

α∗
j = α∗l

j + λ(εl − ε)cj , ∀j ∈ El
L

where c = A−1
l 1a, Al =

(
0 1T

1 Kl

)
. Hence,

α
(∗)
i (∀i ∈ El

R ∪ El
L) proceeds linearly with ε,which

cause the solution to be computed quickly.
Then Wang[6] obtained the regression function as

f(x) = (εl − ε)hl(x) + f l(x) (5)

hl(x) =
∑

i∈El
R

ciK(xi,x) −
∑

j∈El
L

cjK(xj ,x) + c0

As ε decreases,the algorithm monitors the occur-
rence of two events:

• The αi or α∗
i value of a point i ∈ El

R ∪El
L reaches

0 or 1. Then the value of ε can be calculated from (4).
• A point i ∈ Rl ∪ Cl ∪ Ll hits an elbow, i.e.|yi −

f(xi)| = ε.Then the value of ε for which this event oc-
curs can be calculated from (5).

The largest ε < εl is assigned as εl+1 and the point
sets (3) are updated accordingly. After multiple iter-
ation steps along this process,the entire solution path
could be obtained.Wang[6] gave the detailed derivation
of this algorithm.

3. Weighted ε–Path algorithm

In ε–Path algorithm,λ could be initialized indepen-
dently. But once λ has been fixed, the regression model
will give the same penalty to every sample when viola-
tion of ε–tube occurs. In practice, there are many rea-
sons, for example noise, to bring forth abnormal sam-
ples. In geometry, the regression line will be close to
the samples with bigger variance rather than lower vari-
ance. Therefore, the λ according to different samples
should be weighted for higher generalization.

From the primal optimization problem (1), we have
λ weighted:

min =
λ

2
‖w‖2 +

n∑
i=1

si(ξi + ξ∗i )

s.t. yi − (w · φ(xi) + w0) ≤ ε + ξi

(w · φ(xi) + w0) − yi ≤ ε + ξ∗i
ξi, ξ

∗
i ≥ 0, i = 1, 2, · · · , l

where si is weighting coefficient of λ for ith sample.
Then we get

max
α,α∗,β,β∗

min
w,w0

Lp =
λ

2
‖w‖2 +

n∑
i=1

si(ξi + ξ∗i )

−
n∑

i=1

αi(ε + ξi − yi + w · φ(xi) + w0)

−
n∑

i=1

α∗
i (ε + ξ∗i + yi − w · φ(xi) − w0)

−
n∑

i=1

(βiξi + β∗
i ξ∗i )



After partial derivative,we have

∂Lp

∂w
= 0 ⇒ w =

1
λ

n∑
i=1

(αi − α∗
i )φ(xi)

∂Lp

∂w0
= 0 ⇒

n∑
i=1

(αi − α∗
i ) = 0 (6)

∂Lp

∂ξ
(∗)
i

= 0 ⇒ 0 ≤ αi, α
∗
i ≤ si

As a consequence of (6), αi can be adjusted by si.
From (2), we can see that the bigger the absolute value
of αi is, the greater the corresponding role of sample in
the regression model is. So the effect of generalization
can be modified by adjusting the value of si.

From (6), we need to modify the ε–Path algorithm
locally. Redefine the set of (3):

R = {i : yi − f(xi) > ε, αi = si, α
∗
i = 0}

ER = {i : yi − f(xi) = ε, αi ∈ [0, si], α∗
i = 0}

EC = {i : |yi − f(xi)| < ε, αi = 0, α∗
i = 0} (7)

EL = {i : yi − f(xi) = −ε, αi = 0, α∗
i ∈ [0, si]}

L = {i : yi − f(xi) < −ε, αi = 0, α∗
i = si}

Because the coefficient si is decided in advance, it
suffices to focus on the points at the elbows, i.e., in
ER ∪ EL as before. Therefore, (4) and (5) will be in
effect on the samples in ER ∪ EL.

When ε decreases gradually, samples will move
among five sets in (7), and two events will occur dur-
ing this process. When the samples in ER ∪ EL enter
other sets, i.e., in Rl ∪Cl ∪Ll,α(∗)

i will become 0 or si.
Therefore, the equations become

ε = (αl
i − si + λεlci)/(λci) when samples enter R

ε = (si − α∗l
i + λεlci)/(λci) when samples enter L

When samples in other sets enter ER∪EL, the range
of λ

(∗)
i will change to [0,si] from 0 or si, which satis-

fies |yi − f(xi)| = ε. Under such conditions, ε can be
computed by:

ε = (yi − εlhl(x) − f l(x))/(1 − hl(x))
when samples enter ER

ε = (yi + εlhl(x) + f l(x))/(1 + hl(x))
when samples enter EL

We should assign the largest ε < εl as εl+1 and up-
date the point sets (7) at last. The process of iteration is
similar to the ε–Path algorithm.

It is worth noting that the variance of noise is com-
monly unknown in advance in practice. It needs to
be decided by users according to the actual condition.
There are many methods to detect the heterogeneity of
variance, for example, Residual Plot and Rank Correla-
tion Coefficient.

4. Experimental Results
We randomly generate a set of 160 data points

{(xi, yi)} as training set with xi drawn uniformly from
[-4,+4] and yi = sin(xi)/xi + ei, where ei is a Gaus-
sian noise term, with zero mean and a variance of 0.8
for the first N samples and a variance 0.1 for the others.
We set N to be different values to test the performance
of our proposed algorithm under different conditions.
We randomly select other 40 data points as test set. The
Gaussian RBF kernel K(x, y) = exp(−‖x − y‖2/2σ)
is used. The σ is set to be 0.2. To avoid over-fitting
problem, the value of λ should not be set very small.
Here λ is set to be 0.01. From [6], the algorithm will
terminate when 70% of the points become support vec-
tors. For each value of N, we compute the mean squared

error(MSE):
√

1
l

∑l
i=1 |ŷi − yi|2 on the test set, where

ŷi is the value of prediction, yi = sin (xi)/xi with no
noise. The weighting coefficients of first N samples are
set to be si, while others’ be 1.

Figure 1 shows the effect of different values of si
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Figure 1. Relationships between MSE and
weighting coefficient(represented by m)

on the weighted ε–Path algorithm, where si is set to
be exponent of 1/2, i.e. si = (1/2)m, and N is set to
be 40. The value of MSE decreases when m increases
during the first steps. But when m increases rapidly af-
ter some values, it always tends to give a curve leading
to large MSE. This is mainly because that the effects
of weighting coefficient are achieved through adjusting
value of α of corresponding samples. The large value
of m generating small weighting coefficient means α
becomes smaller, which leads to little effect of corre-
sponding samples to construct regression function. It
will result in imperfect regression model.

Figure 2 shows the effect of the weighted ε–Path al-
gorithm for different λ with different N. We take 14 val-
ues of N from 10 to 140 with the interval of 10. The
effect of ε–Path algorithm is also plotted. In fact, the ε–
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Figure 2. Relationships between MSE and N of two ε–Path algorithms for different values of λ
(a)λ=0.01;(b)λ=0.1;(c)λ=1;

Path algorithm is special case that the weighting coeffi-
cient always takes value of 1. It can be seen obviously
that the weighted ε–Path algorithm could improve the
accuracy of prediction under different conditions.

We next examine the relationships between the
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Figure 3. Relationships between MSE and
Number of iteration steps in weighted ε–
Path algorithm and ε–Path algorithm

MSE and the number of iteration steps of both weighted
ε–Path algorithm and ε–Path algorithm, where N=70,
m=4 and λ=1. The MSE decreases rapidly during the
first few steps. The figure shows two ε–Path algorithms
give similar MSE curves as ε decreases which causes
the iteration. However, the performance of weighted ε–
Path algorithm is always better than ε–Path algorithm.

5. Conclusion
In this paper, we have proposed an efficient solution

path algorithm to solve the regression problem existing
abnormal samples among the training data. In ε–Path
algorithm, the solution path is the function of ε, so we
take the regularization parameter λ weighted according
to abnormal samples. The effect of weighting coeffi-

cient can be achieved through adjusting value of α of
corresponding samples in the regression model, so more
accurate model can be obtained.
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