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Abstract

In this paper, generalized learning vector quantiza-
tion (GLVQ) with local subspace classifier (LSC) is pro-
posed for achieving high accuracy with a small mem-
ory requirement. In a training phase, the k-closest pro-
totypes to an input training sample are moved by the
same update rule of GLVQ for reducing the number of
misclassification on training samples. In a test phase, a
test sample is classified by LSC with trained prototypes.
Experimental results on a handwritten digit show that
the proposed learning rule outperforms other classifiers
such as the original GLVQ algorithm.

1. Introduction

In pattern recognition, neighbor-based classifiers
such as the nearest neighbor rule (NN rule) are adopted
to real life problems. Particularly, several classifiers
that use the k-closest training samples to a test sam-
ple were proposed recently [1, 2, 3]. For example, lo-
cal mean-based classifier (LMC) [1] uses a centroid of
k-neighbor training samples as the most similar proto-
type from a class, and a test sample is classified into
the class to which the nearest centroid belongs. LMC
is robust against curse of dimensionality and can give
smooth nonlinear decision boundaries with small k.

The idea of making use of k-neighbor training sam-
ples of each class first appeared in local subspace clas-
sifier (LSC) [4, 5]. In LSC, first k-neighbor training
samples to a test sample are selected from each class
by Euclidean distance. Next, distances from a test sam-
ple to affine subspaces spanned by the selected training
samples are measured, and then a test sample is classi-
fied into the class to which the nearest affine subspace
belongs. By this scheme, LSC can give nonlinear de-
cision boundaries and expand a representation capacity
of available training samples, thus LSC tends to outper-
form the NN rule and LMC in many cases. However,
LSC requires a large amount of memory because it is a
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kind of neighbor-based classifiers.

On the other hand, generalized learning vector quan-
tization (GLVQ) [6] that includes the original LVQ [7]
algorithm was used for keeping accuracy of the NN
rule with a small memory requirement. In GLVQ,
prototypes called reference (codebook) vectors are up-
dated iteratively for reducing misclassification on train-
ing samples. After training, a test sample is classified
by the NN rule with trained prototypes. When GLVQ is
applied to class distribution that has complex decision
boundaries, a large number of prototypes are required.
However, too many prototypes might result in poor per-
formance [8], so it is difficult to improve accuracy by
only increasing the number of prototypes.

In this paper, a learning rule for LSC called learning
LSC (LLSC) is proposed for keeping accuracy of LSC
with a small number of prototypes. In a training phase,
all k-closest prototypes to an input training sample are
moved by the same update rule of GLVQ for reducing
the number of misclassification on training samples. In
a test phase, a test sample is classified by LSC with
trained prototypes. Experimental results on the USPS
handwritten digit dataset [9] show that LLSC outper-
forms other classifiers such as GLVQ.

2. LSC

Let us begin with a brief review of LSC. In LSC, the
k-closest training samples to a test sample are selected
from each class, and a (k — 1)-dimensional affine sub-
space is spanned by them in each class. In a test phase,
a test sample is classified based on the shortest distance
from a test sample to these affine subspaces.

‘Now a procedural formulation of LSC is shown. Let
x] = (2}, ---2)))T € R (i = 1,...,n ) be the ith
training sample belonging to class j (j = 1,...,C),
where C' and n; are the numbers of classes and train-
ing samples belonging to class j, respectively.

Given a test sample ¢ = (q1---qq)| € R, first
the k-closest training samples to it are selected from
each class using Euclidean distance, and denote a set



q K test sample
N j
d; | L3
j |
Ly
J
Ly

Figure 1. LSC concept in class j. Each of the cor-
ners of the triangle represents the pure three-closest
training samples to a test sample g, whereas a gray hy-
perplane in between represents linear combinations of
them. These intermediate samples are as good repre-
sentative samples of the class as pure training ones.

of selected k-neighbor training samples from class j as
a matrix X; = (z|z}| - |z],) € R¥*. Next, opti-
mize weights for the k-neighbors from class j (w; =
(w] - wi)—'— € RF) for reconstructing a test sample
from its neighbors by solving the following optimiza-
tion problem [5]:
: 2
i lg = X 0

s.t 1ij =1,

where 1 = (1---1)T € R¥is a vector of which all ele-
ments are 1. By using Lagrange multipliers, the optimal
weights subject to sum-to-one are given as follows:
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w; = —2—— 2
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where C; = (Q — X;)(Q — X;) € Rk Q =
(q|---|q) € R¥* When k > d, regularization is ap-
plied to C; before inversion such as C; + rI, where
r > 0and I, € R¥** are a regularization parameter
and an identity matrix, respectively. After this optimiza-
tion, the shortest distance between a test sample g and
a reconstructed sample X ;w; is measured by

d; = |lq — X;w;|?, A3)

and q 1is classified into the class to which the nearest
reconstructed sample belongs, i.e., test sample’s class
(denoted by w) is determined by w = argmin; d;.

The LSC rule employs k as a hyper-parameter.
When £ > 1, LSC can interpolate the sparsity between
neighbor training samples in a high-dimensional space.
In fact, substitute the constraint 1} w; = 1 for d;, we

getd; = [|g— (2] + S, (@7 — J)w?)||?. This equa-
tion means the minimum distance from a test sample to
a (k—1)-dimensional affine subspace (cf. Fig. 1). Obvi-
ously, d; is equal to or smaller than to the nearest train-
ing sample, i.e., d; < ||q — 7 || in any case because d;
can be calculated as d; = ||q — &) ||? — ||&) — X w;]|%.
When k£ = 1, LSC is equivalent to the NN rule, and if all
elements of w; are equal to 1/k, LSC is equivalent to
LMC [1]. Furthermore, if k-neighbors are selected not
for a test sample but for each training one, LSC is equiv-
alent to local manifold matching [10]. Hence LSC can
be regarded as a general-classifier that includes most of
neighbor-based classifiers.

3. Learning LSC

In neighbor-based classifiers such as the NN rule,
memory requirements tend to be large, so GLVQ [6]
was proposed for reducing memory requirement with-
out accuracy deterioration. In GLVQ, prototypes called
reference (codebook) vectors are updated by a steepest
descent method that minimizes a cost function defined
with a training error criterion [6]. In this paper, learn-
ing LSC (LLSC) is derived by applying the same learn-
ing rule of GLVQ to LSC for reducing the number of
prototypes without accuracy deterioration.

3.1. Formulation

Let ® = (z),---2),)T € R? be the ith pro-
totype belonging to class 5. When an input training
sample x is given, the k-closest prototypes to x are
selected from each class, and denote a set of the se-
lected k-neighbor prototypes from class j by a matrix
X, = (@)|z}]---|z]) € RT<E.

After neighbor selection, a distance between x and
an affine subspace of class j is measured by Eq. 3 with
the optimized weights. Let X; be the set of k-neighbor
prototypes selected from the same class as . In con-
trast, let X5 be the set of k-neighbor prototypes selected
from the nearest different class from . Let us consider
the relative distance difference u(x) defined as follows:

(@) di —do

xT) = ,
s di +ds

where d; and dy represent distances from x to X;w;
and Xows, respectively. The above u(x) satisfies
—1 < p(x) < 1. If p(x) is negative, x is classified
correctly; otherwise, x is misclassified. For improving
accuracy, minimize the following cost function:

“)

N
S= Z f(p(:)), ®)



where N is the total number of input training samples,
and f(u) is a monotonically increasing function. To
minimize S, a steepest descent method with a small
positive constant y (0 < v < 1) is adopted to X;:
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Consequently, the update rule of LLSC can be written
as follows:

(x — ijj)w;»r, 8)
where yo = —v;. In the above rule, correction d,; /(d1 +
dy) dose not affect the convergence condition [6], and
F(p, ©){1—f(u,t)} isused for & f /Op, where ¢ is learn-
ing time and f(u, t) is a sigmoid function 1/(1 —e~H?).
In this case, Jf/0u has a single peak at © = 0, and
the peak width becomes narrower as ¢ increases. After
the above training, a test sample is classified by LSC
with trained prototypes. When £ = 1, LLSC is equiv-
alent to GLVQ, so LLSC can be regarded as a natural
extension of GLVQ. In addition, if all elements of w;
are fixed to 1/ Vk, the above process can be regarded
as a learning rule for LMC. Hence, we call LLSC that
uses fixed weights w; = (1/vVk---1/Vk)" learning
LMC (LLMC).

3.2. Accuracy improvement

We encounter different types of geometric transfor-
mations in image classification. Hence, it is important
to incorporate transform-invariance into classification
rules for achieving high accuracy. Distance-based clas-
sifiers such as the NN rule often rely on simple distances
such as Euclidean distance, thus they suffer a high sen-
sitivity to geometric transformations of images such as
shifts, scaling and others. In LSC, the distance is mea-
sured based on a square error, so it is also not robust
against geometric transformations. Hence, combining
tangent distance (TD) [12] and LLSC is presented here
for accuracy improvement. Henceforth, a combination
of LLSC and TD is denoted as LLSC+TD for short.

In LLSC+TD, two-sided TD and linearly trans-
formed images are used for selecting neighbor train-
ing samples and updating prototypes. Let € R? and
T € RY*" be an input training image and its tangent

vectors, where r is the number of geometric transfor-
mations. The distance between the linear combination
x + To and X;w; is given by

min ||w+Ta—ijj||2

., ©)

s.t. 1gwj =1.

By using Lagrange multipliers, the optimal weights o
and w; are given as follows:

w; =X (Ig— A)Xj)_l{XjT(Id — Az + (1},

o =TT Xw, - 2).
(10
where A and [ are
A=T(T'T)"'TT, (11)
1T (XT(L, — -1 _
5=1 (X (I - A)X) ' X (I, - A)z 12

1L (X[ (1o — A)X;) 711y,

By the above optimal weights, the distance between x +
Ta and Xw; can be defined as d] ¥ = ||z + Ta —
X ;w;||?. Hence, the learning rule for LLSC+TD can be
derived by the same manner as that for deriving LLSC:

X; X, —6(x+ Ta - Xwj)w,,  (13)

_(L1)in0f 43T _
where §; = (=1)'75; @Iy (j = 1,2). Conse-
quently, the algorithm of LLSC+TD is summarized as
follows: First, find the k-closest training samples to a
test sample from class j according to dJTD , and denote

them as X ;. Next, update X; according to Eq. 13.

4. Experiments

Experimental results on the handwritten digit image
dataset USPS [9] are shown. In general, handwritten
patterns include various geometric-transformation such
as rotation, so it is difficult to reduce the number of pro-
totypes. The USPS dataset consists of 7,291 training
and 2,007 test images. The size of images is 16 x 16
pixels. The effectiveness of LLSC was verified with
comparing to other classifiers: SVM, GLVQ, LLMC,
and averaged learning subspace method (ALSM) [11].
They were implemented with MATLAB on a standard
PC that has Pentium 1.86GHz CPU and 2GB RAM.

In experiments, intensities of images were directly
used as feature vectors. The set of training images was
randomly split into two sets of equal size (i.e., about
3600 images in each set). One of them was used for
initializing prototypes and the other was used as input
training samples for learning. This random splitting was
performed independently for ten repetitions of training



Table 1. Error rates [%] and standard deviations on USPS.

nj LSC SVM GLVQ LLMC LLSC LLSC+TD | ALSM
10 | 164+15|221+13 | 71+04|83+04|56+£02| 41+02 | 7.7£0.5
50 | 82+04 | 11.6+09 | 74+03 | 6.6+05|50£02| 34+01 | 63£04
100 | 6504 | 8605 | 6803 |62£02|48+02| 3.0+£0.2 |6.0+£0.3
all 4.2 4.2 5.5 4.7 4.2 2.2 5.1

and testing to estimate error rate and its standard devi-
ation. The number of prototypes of class j (denoted as
nj) was changed as 10, 50, and 100. The fixed learn-
ing rate o = 0.1 and 100 learning time were introduced
for GLVQ, LLMC, and LLSC. The parameters of indi-
vidual classifiers were tuned on input training samples
in each step. For SVM, we used the RBF kernel for
nonlinear mapping. For LSC and SVM, initial proto-
types were directly used as training samples for clas-
sification. For LLSC+TD, seven tangent vectors (i.e.,
r = T) were used for approximating geometric trans-
formations (cf. [12]).

Table 1 shows error rates with different prototype
sizes. As shown in Table 1, LLSC outperformed
other classifiers in all prototype sizes. Particularly,
LLSC+TD with 10 prototypes performed as well or bet-
ter than other classifiers with all training samples be-
cause LLSC can expand a representation capacity of
available prototypes. ALSM also uses subspaces, but
decision boundaries of it would be poor for complex
distributed patterns.

5. Conclusion

In this paper, a learning local subspace classi-
fier (LLSC) was proposed for achieving high accuracy
with small number of prototypes. In LLSC, all k-
neighbor prototypes were updated with the same update
manner as that of generalized learning vector quantiza-
tion (GLVQ). It was verified with experiments on hand-
written digit recognition that LLSC achieved lower er-
ror rates than other classifiers such as GLVQ.

The advantages of LLSC are summarised as follows:
1) LLSC can achieve high accuracy even if dimension-
alities of feature vectors are large because LSC can ex-
tend a representation capacity of prototypes. 2) LLSC
can achieve high accuracy for pattern classes that have
nonlinear decision boundaries because LLSC uses k-
neighbor prototypes for classification. 3) LLSC can re-
duce the number of prototypes without accuracy dete-
rioration. 4) LLSC is suitable for multi-class problems
because it is not a binary classifier such as SVM. How-
ever, training cost for LLSC is high. Future work will be

dedicated to speed up a training phase and adopt LLSC
to other classification tasks.
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