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Abstract

We present algorithms for improved Viterbi decoding
for the case of hidden semi-Markov models. By care-
fully constructing directed acyclic graphs, we pose the
decoding problem as that of finding the longest path be-
tween specific pairs of nodes. We consider fully con-
nected models as well as restrictive topologies and state
duration conditions, and show that performance im-
proves by a significant factor in all cases. Detailed al-
gorithms as well as theoretical results related to their
run times are provided.

1. Introduction

Hidden Markov models [10], in their most common
form (first-order Markov), have state durations that fol-
low geometric distributions. However, this is often too
restrictive to model certain real-world phenomena. Hid-
den semi-Markov models (HsMM) [4], also referred to
as generalized HMMs, are one class of HMMs which
allow state duration to be explicitly modeled by a cho-
sen distribution, thus increasing their flexibility. They
find application in speech recognition [11], video event
detection [5], and more recently, protein structure pre-
diction [1] and business analytics [3].

Unlike in the case of HMMs, the standard Viterbi
algorithm [10] does not guarantee optimal solution to
sequence decoding or likelihood estimation in the gen-
eral HMM case because the usual assumptions do not
hold. Not only is decoding crucial for inference, it is
also a key step in Viterbi-based model training [7] (also
called segmental K-means algorithm), a fast, approxi-
mate alternative to Baum-Welch training [10]. Thus, a
performance improvement in Viterbi decoding will lead
to both faster inference and faster model training.

Given an HMM and an observation sequence, the
standard Viterbi algorithm to find the corresponding
state sequence is known to have a running time of
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O(NKT), where N is the number of states, K is
the average number of predecessors (in-degree) across
states, and 7' is the sequence length. In the case of
HsMM, the decoding time increases by a factor of
Dinaz 10 O(NKTDypgz), where Dyyq, is the maxi-
mum allowed duration in any given state [9, 6, 8]. In
the most general case, where there is no restriction on
the state duration (D, ., = 1'), and all state transitions
are possible (K ~ N), the decoding time is O (N?T?).
In this paper, we propose a new algorithm that im-
proves the HSMM Viterbi decoding complexity. The al-
gorithm, which essentially maps the decoding problem
into finding the longest path in a directed acyclic graph
(DAG) [2], also improves clarity in algorithm under-
standing and in the analysis of asymptotics. For the gen-
eral case of HsSMM topology, our decoding complexity
is found to improve by a factor of ¥1x and 2lze
with and without restrictions, respectively. For the spe-
cific case of HsMM topology where state skipping is
disallowed (i.e., K = 1), improvement is by a factor
T2

2
of 7—5 . In the following sections, we describe the

algorithms in detail and analyze their complexity.

2. Hidden Semi-Markov Model Basics

An HsMM has a finite set of states, say /N. Transi-
tions may occur from state 7 to state ; when transition
probability a; ; is positive. By definition, a;; = 0 for
all 2. The HsMM topology is further characterized by
K, the average number of predecessors to a state. If ev-
ery state is reachable from every other, K = (N — 1),
and there are N (N — 1) possible transitions.

The HsMM generates observation sequences of
length ', O = {Oy, - - -, O} following a Moore ma-
chine model, as shown in Fig. 1. The initial state of the
model is determined by the distribution {71,...,7x}.
Given that the system enters state n, state duration
T ~ pp(+) is sampled, and a set of 7 observations O; ~
by (+) are sampled independently. Here, p,,(-) and b, (-)
are duration and emission distributions respectively, for
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Figure 1. HsMM sequence generation by
Moore machine model.

state n. A maximum value D,,,, for state duration
7 may be specified. The complete parameter set is
denoted A = (N, K, Dy, {mn}, {ai i}, {0n}, {pn}).
Given a model A and an observation sequence O, the
decoding problem is to find the most likely underlying
state sequence Q* = {q1, ..., qr} and likelihood L*:

Q" = argm@axPr(Q,O|/\)

£ = maxPr(Q,0|\)
Let us denote by &;(n)%he likelihood of the most prob-
able state sequence ending in state n based on the first ¢
observations. This is formally given as

3o

which can be computed efficiently using the recursion
t

5i(n) = max (m]ax St—ry, (j)aj,n)pn(rn) H bn(Oy)

The maximum over dr(n) yields L£*. u}_Btyi%leiElktrack—
ing, we get Q*. For each (t,n) pair, the time re-
quired to compute 6¢(n) is O(K Dpaz). Taken over
all ¢ and n values, this standard decoding algorithm re-
quires O(NTK D,,,4,) time, as reported in [9, 6], or
O(N?T?) in the unconstrained case.

3. Improved Viterbi Decoding

In this section, we formulate the decoding problem
as that of finding the longest path in a DAG, and show
that an algorithm with improved computational perfor-
mance can be obtained. We describe decoding algo-
rithms, first for the most generic HSMM topology, and
then for a more restrictive case.

3.1. Fully Connected Topology

The fully connected N-state HsMM topology is
shown in Fig. 2, where any start/end state is allowed
and every state transition is possible, i.e., K = N — 1.
Furthermore, there is no restriction on state duration,
i.e., Dimaxr = T when decoding a length 7" sequence.

Given the HsMM parameter set A and an observation
sequence O = {Oy,---,0r}, we construct a DAG
as shown in Fig. 3. Specifically, for every (¢,n) pair,
wheret =1,...,T4+1landn =1,..., N, two types of
nodes, U (¢, n) (elliptical) and V' (¢, n) (rectangular), are
introduced, along with special nodes START and END.
Node types U and V are interpreted as follows:

Figure 2. Example of an HsMM with fully
connected topology (/V = 5 states).

e U(t,n): The current state is n and a jump is only
possible tonode V' (¢',n), ¢’ > t, which is equivalent
to the HsMM generating (¢’ —t) observations in state
n, before making another transition.

e V(t,n): The HSMM has completed generating ob-
servations and can now move to node U (¢,n’), i.e.,
make a transition to HsMM state n’, where n’ # n.

We denote by w(N; — Na) the weight on the directed
edge from node N; to No. Weights are assigned as fol-
lows, in logarithms. Forn =1... N,
w(START — U(1,n)) = log m,.
Forn=1...N,t=1...T,andt =¢t+1...T+1,
t'—1

w(U(t,n) — V(t',n)) =logpn(t' —t) + Z log b (Og).
Forn=1...N,t=2...T,and n'=1.. .]\f,_;bl £n,

w(V(t,n) — U(t,n")) = logan, ..

Finally, forn =1... N,

w(V(T +1,n) — END) = 0. (1)

Node pairs not covered above do not have edges be-
tween them, making the graph a DAG. Any path from
START to END in this DAG corresponds to a valid state
sequence for Q. The most likely state sequence Q* cor-
responds to the longest path among them, and the like-
lihood £* corresponds to its length.

We find the longest path in this DAG, assign this
length to £*, and backtrack on the longest path thus
found so as to obtain the state sequence QQ*. For exam-
ple, if the longest path in such a graph (7" = 5) is

START— U(1,2)— V(3,2)— U(3,4)— V(6,4)— END

then the optimal state sequence for {O1, -+, 05} is
Q* ={2,2,4,4,4}. The path length is

ﬁ* — log (7‘r2p2(2) H bg(oz)a274p4(3) H b4(01))
=1 r=3

which can be easily seen to be the correct formulation
for state likelihood Pr(Q*, O | A).

3.1.1. Decoding Complexity. The running time for our
algorithm depends on (a) any pre-computation, (b) con-
struction of the DAG, and (c) finding the longest path in
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Figure 3. Schematic representation of the DAG we construct for sequence decoding for fully
connected HsMM. A path from START to END corresponds to a candidate decoding. Note that
some nodes are drawn for illustrative purposes only.

the DAG. For efficient construction of the DAG, we de-
fine a term ,,(t) = " _, log b, (O,,) which is the log
probability of the observation sequence {O1,---, O}
in state n. This is computed recursively,

Yn(t) = Yt = 1) +1og b (Oy), @

n =1...N,t = 1...T, where initial condition is
¥ (0) = 0. This pre-computation step takes O(NT).
For the graph to be constructed, there are N1' nodes
each of type U and V. Originating from each U node
are up to 1" edges, and from each V node up to N
edges. The START and END nodes have N edges asso-
ciated with them. Therefore, the total number of edges
is~ NT(N + T) + 2N. The DAG construction step
essentially involves assignment of edge weights, which
can all be computed in constant time O(1) except for
w(U(t,n) — V(¢ )) A naive approach would take

O(T) to compute Z 1og b, (0,), but pre-computed
v (t) values allow for O( ) computation by using

t'—1 t'—1 t—1
Z log b,(0,) = Z log by, - Z log b, (O
x=t x=1 x=1

= ' —1) = -1) 3)

Thus, DAG construction complexity is O(NT(N +
T)). The final step is to find the longest path in this
DAG. We know [2] that if the topological ordering of
nodes is known, then finding the DAG shortest path
takes O(|edges| + |nodes|). Moreover, we can find the
longest path using this algorithm by negating the edge
weights first. We do not need to topologically sort the
nodes because we know it by construction, as follows:

START — V(1,1),.., V(1, N) — U(1, 1), .., U(1, N)
—V(2,1),..,V(2,N) - U(2,1),.,U(2,N), .., END

oNoNoko

START END

Figure 4. Example of a HsMM structure
with state skipping disallowed (N = 4).

Since |nodes| ~ 2NT and |edges| ~ NT(N +T) +
2N, the longest path time complexity is O(NT(N +
T)). Therefore, the overall computation time is also
O(NT(N +T)). If the maximum state duration D4
is specified, and the HsMM topology is less than fully
connected (specified by K), it is easy to show that de-
coding complexity then is O(NT (K + Dyaz)).

3.2. No State Skipping Topology

For certain applications of HsMM training and se-
quence decoding, a simpler topology may suffice in
modeling an underlying process. For example, business
project resource allocations over time may be conceived
as being generated by an HsMM with states signifying
project phases, where no phase can be skipped [3]. In
such cases, a strict start/end topology with state skip-
ping disallowed, shown in Fig. 4 may be appropriate.

For this restricted topology, decoding runtime can be
improved further. The model parameters here are A =
(N, Diazs {bn}, {pn}). Note that by default, K = 1,
m = 1,m; =0forall j > 1,and a; ; = 1 only for j =
1+ 1, zero otherwise. Given an observation sequence O
of length " > N, we again construct a DAG as shown
in the example in Fig. 5. Specifically, only U nodes
are needed here because state skipping is disallowed.
The node set consists of {U(¢t,n)},n=1,...,N — 1,
t =mn,...,n+ (T'— N), and special nodes START
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Figure 5. Schematic representation of a
DAG we construct for sample decoding
problem (N = 4, T = 7) for a strict HsMM
topology with state skipping disallowed.

and END. Edge weights, for those edges that exist, are
defined as follows. Fort =1...(T —tN) +1,

w(START — U(t,1))=log p1(t) + » _ log b1(Ox).

Forn/ =1...N—1,n=n'+1,t =%"..n+(T—N),
andt' =¢t+1...n+ (T — N),

w(U(t,n") — U(t',n))=log pn(t' — t)+ Z log br(Oy).

z=t+1
Finally, fort =N —1,...,T — 1, -
w(U(t, N—1) — END)=log p, (T —t)+ Z log br(Og).

rz=t+1
Again, the optimal state sequence Q* corresponds to
the longest path in this DAG, and £* is its length. For
example, if the longest path in the DAG in Fig. 5 is
START— U(2,1)— U(3, 2)— U(6, 3)— END
then the optimal state sequence corresponding to
{04, - ,07}is Q* ={1,1,2,3,3,3,4}.

3.2.1. Decoding Complexity. The running time for this
algorithm depends on the same three steps as before.
We again pre-compute 7, (t) values using the recursion
in Eq. 2, which takes O(NT') time. For the construc-
tion of the DAG, we note that [nodes| = N(T — N),
and from each node, up to T' — N edges originate, so
ledges| =~ N(T — N)2. The edge weight calculations
are all done in O(1) time using Eq. 3, which makes the
DAG construction take O(N (T — N)2. Finally, we can
again use the DAG shortest path algorithm [2] which
takes O(|nodes| + |edges|) time. To get the longest
path, we negate the edge weights and provide a topo-
logical ordering of the nodes, known by construction:

START — U(1,1),..,U(1,1+ (T — N)) —
—UN-1,N-1), ,UN-1,T—1) » END
Since |nodes| ~ N(T—N) and |edges| ~ N(T—N)2,
the decoding time for this topology is O(N (T — N)?).

4. Conclusions

We have proposed algorithms that reduce the com-
putation times of the Viterbi decoding of sequences
for HsMM by formulating equivalent DAG longest
path problems. While improvements to the forward-
backward algorithm used for Baum-Welch training
have been shown previously [12], with complexity
O(NT(K + Dyyqz)), our results provide the first ex-
plicit attempts at improving HsMM Viterbi decod-
ing. For the fully connected topology, our algorithm
achieves a performance of O(NT (N +1T')) compared to
that of O(N?T?) for the standard algorithm. For more
restrictive topologies, with K predecessors per state on
average and maximum state specified by D,,., our
running time is O(NT' (K + D, ). For a very simple
topology that allows no state-skipping, our algorithm
reduces the decoding complexity to O(N (T — N)?).
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